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1. On the history of the strong interaction
In the first lecture, I intend to review the history of the conceptual developments which led
from the discovery of the neutron to our present understanding of strong interaction physics.

2. Effective low energy theory of QCD
The second lecture aims at an introduction to Chiral Perturbation Theory, focusing on the
foundations of the method.

3. Flavour physics at low energy, high accuracy
In the third lecture, I would like to illustrate the level of our current knowledge in the field of
low energy strong interactions with a few examples. In particular, I intend to discuss the
interface between lattice work and effective field theory.
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On the history of the strong interaction

not a historian

my own recollections, mainly based on memory
memory does not improve with age . . .

⇒ T. Y. Cao, From Current Algebra to Quantum Chromodynamics,

Cambridge University Press, 2010
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I. From nucleons to quarks

II. History of the gauge field concept

III. QCD
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Part I
From nucleons to quarks
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Beginnings

Discovery of the neutron Chadwick 1932

⇒ Nuclei = p + n

Isospin Heisenberg 1932

Investigation of the strong interaction started with the nuclear forces
Yukawa∼ 1935 Stueckelberg

Ve.m. = − e2

4πr
Vs = − h2

4πr
e
− r

r0

e2

4π
≃ 1

137

h2

4π
≃ 13

long range short range

r0 =∞ r0 =
~

Mπc
= 1.4 · 10−15 m

Mγ = 0 Mπc
2 ≃ 140 MeV
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Strong interaction

Nonrelativistic potentials are much more flexible than quantum field theories. Suitable
potentials between two nucleons, with attraction at large distances, repulsion at short
distances do yield a decent understanding of nuclear structure.

Paris potential, Bonn potential, shell model of the nucleus

⇒ Nuclear reactions, processes responsible for the luminosity of the sun, stellar structure,
nuclear reactors, α-decay, . . . were well understood more than fifty years ago.

These phenomena concern interactions among nucleons with small relative velocities.
Experimentally, it had become possible to explore relativistic collisions, but a
description in terms of nonrelativistic potentials cannot cover these.

Many attempts at formulating a theory of the strong interaction based on elementary
fields for baryons and mesons were undertaken, Yukawa interaction for the strong
forces, perturbation theory with coupling constants of order 1, . . .

⇒ uncountable PhD theses 1945 -1965
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Quantum field theory versus S-matrix theory

Absolutely nothing worked even halfway, beyond general principles like Lorentz
invariance, causality, unitarity, crossing symmetry.
Analyticity, dispersion relations, CPT theorem, spin + statistics

√

There was considerable progress in renormalization theory, but faith in quantum field
theory was in decline, even concerning QED (Landau-pole).

Many people had doubts whether the strong interaction could at all be described by
means of a local quantum field theory.

Replace quantum field theory by S-matrix theory ?
Heated debates ⇒ Pietschmann, Eur. Phys. J. H36 (2011) 75

Regge poles Veneziano model 1968

Fifty years ago, when I completed my studies, the quantum field theory of the strong
interaction consisted of a collection of beliefs, prejudices and assumptions. Nearly all
of these turned out to be wrong.
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Flavour symmetries

Isospin Heisenberg 1932

Strangeness quantum number Gell-Mann, Nakano & Nishijima 1953

Gell-Mann-Nishijima formula

Eightfold way Gell-Mann, Ne’eman 1961

Pattern of symmetry breaking, Ω− Gell-Mann, Okubo 1961/1962
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Chiral symmetry

Main characteristic of the strong interaction at low energies:

energy gap is small, Mπ ≃ 140 MeV

In 1960, Nambu found out why that is so: Nobel prize 2008

Has to do with a hidden, approximate, continuous symmetry.

Generators of the symmetry carry negative parity: "chiral symmetry".

Origin of the symmetry was entirely unclear.

An analog of spontaneous magnetization occurs in particle physics:
For dynamical reasons, the state of lowest energy is not symmetric.

⇒ Chiral symmetry is hidden, “spontaneously broken”.

Nambu realized that the spontaneous breakdown of a continuous symmetry
entails massless particles and concluded that the pions must play this role:

⇒ No gap at all if the symmetry was exact: pions would be massless.

"Goldstone theorem" came later: Goldstone, Salam, Weinberg 1962

In reality, the symmetry is not perfect, but nearly so.
⇒ There is an energy gap: the pions are not massless, only light.

At large distances, the nuclear forces are indeed dominated by pion exchange.
Yukawa formula

√
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Quark model

Quark model Gell-Mann, Zweig 1962

Protons, neutrons are composed of quarks

p = uud n = udd

Remarkably simple and successful picture, explains the pattern of energy levels – but

why do the quarks not show up in experiment ?

⇒ The existence of quarks was considered doubtful.
"Such particles [quarks] presumably are not real but we may use them in our field
theory anyway . . . " Gell-Mann, Physics I, 1964, 63

Quarks were treated like the veal used to prepare a pheasant in the royal french
cuisine. Conceptual basis of such a cuisine ?

Puzzle: why is the symmetry not exact ?
Exact consequences of approximate properties ?
Charges & currents form an exact algebra
even if they do not commute with the Hamiltonian. Gell-Mann 1964

Test of current algebra: size of 〈N|Aµ|N〉 ∼ gA Adler, Weisberger 1965

Prediction derived from current algebra: ππ scattering lengths Weinberg 1966
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Behaviour at short distances

Scaling of the ep cross section in the deep inelastic region. Bjorken 1968

Deep inelastic scattering experiments by the MIT-SLAC collaboration in 1968/69:
First experimental evidence for point-like constituents within the proton.

Friedman, Kendall, Taylor, Nobel prize 1990

Feynman called these "partons", leaving it open whether they were the quarks or
something else.

Operator product expansion Wilson 1969
"Non-Lagrangian models of current algebra"
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Colour

Quarks carry an internal quantum number

Greenberg had introduced an internal degree of freedom of this type in 1964,
referring to this as "parastatistics".

In 1965, Bogolubov, Struminsky & Tavkhelidze, Han & Nambu and Miyamoto
independently pointed out that some of the problems encountered in the quark
model disappear if the u, d and s quarks occur in 3 states, "three-triplet model".

Gell-Mann coined the term "colour" for this quantum number.

Colour symmetry exact, confinement of colour exact ?

One of the possibilities considered for the interaction that binds the quarks together
was an abelian gauge field analogous to the e.m. field.

An alternative theoretical possibility, considered for instance by Wess and Zumino, was
to describe the gluons in terms of a non-abelian gauge field coupled to colour.

see T.Y. Cao, From current algebra to QCD, p 151

Fritzsch and Gell-Mann had pointed out that if the gluons carry colour, then the
empirical observation that quarks appear to be confined might also apply to them:
spectrum of the theory might exclusively contain colour neutral states.
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QCD

In his lectures at the Schladming Winter School in 1972, Gell-Mann discussed the idea
that the strong interaction could be mediated by a nonabelian gauge field coupled to
colour. He also mentioned the idea as a theoretical possibility at the High Energy
Physics Conference in 1972 (Fermilab) .

He gave this framework a decent name:

Quantum chromodynamics

Main problem at the time: All quantum field theories encountered in nature so far
(including the electroweak theory) had the spectrum indicated by the degrees of
freedom occurring in the Lagrangian.

⇒ Proposal does not look plausible. The spectrum of physical states differs qualitatively
from what is expected from the fields needed to formulate the theory. Pauli

When I met Murray Gell-Mann at Schladming in 1972, he invited me to visit Caltech.
I did that during three months in the spring break of 1973 and spent an extremely
interesting period there.
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Part II
On the history of the gauge

field concept
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Electromagnetic interaction

Final form of the laws obeyed by the electromagnetic field: Maxwell∼ 1860
survived relativity and quantum theory, unharmed.

Schrödinger equation for electrons in an electromagnetic field:

1

i

∂ψ

∂t
− 1

2m2
e

(~∇+ ie ~A)2ψ− eϕψ = 0

Fock pointed out that this equation is invariant under a group of local transformations:

~A ′(x) = ~A(x) + ~∇α(x), ϕ ′(x) = ϕ(x)− ∂α(x)

∂t
ψ(x)′ = e−ieα(x) ψ(x)

~A′,ϕ′,ψ′ describe the same physical situation as ~A,ϕ,ψ. Fock 1926

see Okun, "V. A. Fock and gauge symmetry", Phys.Usp.53:835-837,2010

Weyl termed these gauge transformations, gauge group: U(1).
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QED is fully characterized by gauge invariance

Gauge invariance is the crucial property of QED.

Illustrate the statement with the core of QED: photons + electrons.

Gauge invariance allows only 2 free parameters in the Lagrangian of this system:
e,me .

Moreover, only one of these is dimensionless:
e2/4π = 1/137.035 999 679 (94).

⇒ U(1) symmetry + renormalizability fully determine the properties of the
e.m. interaction, except for this number, which so far still remains unexplained.

Side remark: In QED, there is an additional operator of dimension≤ 4: Fµν F̃µν .

The term represents a total derivative, Fµν F̃µν = ∂µfµ .

Since e.m. fields with a nontrivial behaviour at large distances do not appear to play a
significant role (no instantons or the like), this term does not affect the physics.
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Gauge fields from geometry

Kaluza (1921) & Klein (1926): 5-dimensional Riemann space with a metric that is
independent of the fifth coordinate is equivalent to a 4-dimensional world with

metric space with d = 5 ⊃ gravity + U(1) gauge field + scalar field

x5′

= x5 + α(~x, t) ⇐⇒ gauge transformation

Coordinate independent characterization: Riemann space that is invariant under
translations in one direction, isometry, Killing vectors, isometry group: U(1).

Fifth dimension can be compactified to a circle, U(1) generates motions on this circle.

Klein (1938) and Pauli (1953) investigated generalizations of the Kaluza-Klein
scenario. Pauli noted that Riemann spaces of dimension > 5 can admit nonabelian
isometry groups that reduce the system to a 4-dimensional one:

metric space with d > 5 ⊃ gravity + nonabelian gauge fields + several scalar fields

Pauli was motivated by the isospin symmetry of the meson-nucleon interaction,
considered a Riemann space of dimension 6, with isometry group SU(2).

⇒ Straumann, arXiv:0810.2213
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Nonabelian gauge fields

Pauli did not publish the idea, because he was convinced that the quanta of a gauge
field were necessarily massless: gauge invariance does not allow one to put a mass
term into the Lagrangian.

⇒ Concluded that the forces mediated by gauge fields would necessarily be of long
range and hence in conflict with observation: the strong interaction has short range.

Yang and Mills (1954).

Ronald Shaw (student of Salam) independently formulated nonabelian gauge fields in
his PhD thesis, Cambridge 1955.
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Weak interaction

Many people tried to arrive at a renormalizable form for the weak interaction by
introducing intermediate bosons.

Also, it gradually became plausible that the weak interaction is of V −A structure.

⇒ If mediated by intermediate bosons, then these must have spin 1.

One of the main problems here was Pauli’s objection: massless intermediate bosons
could not possibly do the job.

Higgs (1964), Brout & Englert (1964) and Guralnik, Hagen & Kibble (1964): in the
presence of scalar fields, gauge fields can pick up mass⇒ forces mediated by gauge
fields can be of short range.

The work of Glashow (1961), Weinberg (1967) and Salam (1968) demonstrated that
this mechanism yields a realistic model for the e.m. and weak interactions:

gauge fields of SU(2)×U(1) + four real scalar fields Nobel prize 1979
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Gauge theory of the electroweak interaction

Essential difference to Fermi theory: the electroweak theory of Glashow, Weinberg
and Salam is renormalizable. The crucial property is again gauge invariance.

Illustrate the statement with the core of QFD: γ,W± ,Z, e,νe
Lagrangian involves 2 dimensionless coupling constants g1, g2 and three mass
parameters, for instancemW ,mH ,me . As compared to QED (e,me), an additional
coupling constant and two new mass scales are needed, but this is it.

⇒ Electromagnetic + weak interactions of electron and neutrino are fully determined by
gauge invariance with respect to SU(2)×U(1) and four dimensionless parameters.
Unfortunately, we do not know where the numerical values of these parameters come
from. The ratiomW /me ≃ 157 335 is particularly bizarre.

The Higgs mass is not yet known, but if the Higgs boson exists, then its mass will be
measured at the LHC.

Progress in understanding QCD – p. 22/100



H. Leutwyler – Bern

Asymptotic freedom

Already in 1965, Terentyev and Vanyashin found that the renormalization of the electric
charge of a vector field is of opposite sign to the one of the electron (the numerical
value of the coefficient was not correct). In the language of SU(2) gauge field theory,
their result implies that the β-function is negative at one loop.

Z. Silagadze, M. Vysotsky

The first correct calculation of the β-function of a nonabelian gauge field theory was
carried out by Khriplovich, for the case of SU(2), relevant for the electroweak
interaction. He found that β is negative and concluded that the interaction becomes
weak at short distance.

Khriplovich, Yad. Phys. 10 (1969) 409 [Sov. J. Nucl. Phys. 10 (1970) 235]

t’Hooft was not aware of the work of Khriplovich. In his PhD thesis, he performed the
calculation of the β-function for an arbitrary gauge group, including the interaction with
fermions and Higgs scalars. He demonstrated that the theory is renormalizable and
confirmed that, unless there are too many fermions or scalars, the β-function is
negative. Nobel prize 1999, together with Veltman
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Implications for QCD

Politzer and Gross & Wilczek (1973) discussed the consequences of a negative
β-function: asymptotic freedom, infrared slavery. They suggested that this might
explain Bjorken scaling, which had been observed at SLAC in 1969. Nobel prize 2004

A detailed account of the history of the quantum theory of gauge fields can be found in
the 1998 Erice lectures: ’t Hooft, The glorious days of physics:

Renormalization of gauge theories, arXiv:hep-th/9812203

Progress in understanding QCD – p. 24/100



H. Leutwyler – Bern

Part III
QCD
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QCD

The reasons for proposing QCD as a theory of the strong interaction were given in
Fritzsch, Gell-Mann & L. , Phys. Lett. B47 (1973) 365.
Abstract: ”It is pointed out that there are several advantages in abstracting properties of hadrons and their
currents from a Yang-Mills gauge model based on colored quarks and color octet gluons.”

One of the many arguments given was asymptotic freedom – the two papers of
Politzer and Gross & Wilczek were quoted as preprints.

Also, some open questions were pointed out, in particular, the U(1) problem.

Many considered QCD a wild speculation. On the other hand, several papers
concerning gauge field theories that include the strong interaction appeared around
the same time, e.g.
Pati and Salam, Phys. Rev. D8 (1973) 1240, D10 (1974) 275
Weinberg, Phys. Rev. Lett. 31 (1973) 494

Can one prove that QCD is fundamentally different from the quantum field theories
encountered earlier in that the spectrum of physical states does not show the local
degrees of freedom ? Or is this wishful thinking ?

Only gradually, particle physicists abandoned their outposts in no man’s and no
woman’s land, returned to the quantum fields and resumed discussion in the good old
Gasthaus zu Lagrange. Jost

⇒ Standard Model, clarified the picture enormously
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Puzzle

Gauge fields are renormalizable in d = 4, but it looks unlikely that the Standard Model
is valid much beyond the explored energy range.
Presumably the Standard Model represents an effective theory.
No reason for an effective theory to be renormalizable.

⇒Why is the SM renormalizable ?
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Theoretical paradise

Turn the electroweak interactions off and ignore the masses of the quarks.

mu = md = ms = 0

mc = mb = mt =∞
QCD with 3 massless quarks

Lagrangian contains a single parameter: g, net colour of a quark,
depends on radius of the region considered.

Colour contained within radius r

αs ≡ g2

4π
=

2π

9 | ln(rΛQCD)|

Intrinsic scale ΛQCD is meaningful, but not dimensionless.

⇒ No dimensionless free parameter.
All dimensionless physical quantities are pure numbers, determined by the theory.
Cross sections can be expressed in terms of ΛQCD or in the mass of the proton.
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Theoretical paradise

Turn the electroweak interactions off and ignore the masses of the quarks.

mu = md = ms = 0

mc = mb = mt =∞
QCD with 3 massless quarks

Lagrangian contains a single parameter: g, net colour of a quark,
depends on radius of the region considered.

Colour contained within radius r

αs ≡ g2

4π
=

2π

9 | ln(rΛQCD)|

Intrinsic scale ΛQCD is meaningful, but not dimensionless.

⇒ No dimensionless free parameter.
All dimensionless physical quantities are pure numbers, determined by the theory.
Cross sections can be expressed in terms of ΛQCD or in the mass of the proton.

Massless QCD is how theories should be
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Symmetries of massless QCD

Interactions of u,d, s are identical. If the masses are set equal to zero, there is no
difference at all: Lagrangian symmetric under u↔ d↔ s.

More symmetry: For massless fermions, right and left do not communicate.
⇒ Lagrangian of QCD with 3 massless flavours is invariant under SU(3)R × SU(3)L .
⇒ QCD explains the presence of the mysterious symmetry discovered by Nambu.

Nambu had conjectured that chiral symmetry breaks down spontaneously.
Can it be demonstrated that this happens in QCD ?

Massless QCD with 3 flavours: SU(3)R×SU(3)L
?
⇒ SU(3)R+L

Lagrangian ground state

\∃ an analytic proof, but the work done on the lattice demonstrates beyond any doubt
that this does happen in QCD.

The calculated mass spectrum agrees with experiment.
Formu = md = ms , the states form degenerate multiplets of SU(3)R+L .
In the limitmu ,md,ms → 0, the pseudoscalar octet becomes massless, as
required by the Goldstone theorem.

The 8 lightest mesons do have the quantum numbers of the Nambu-Goldstone bosons:

π+, π0, π− ,K+,K0, K̄0,K− , η
but massless they are not . . .
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Quark masses

Real world 6= paradise

mu , md , ms 6= 0

Quark masses break chiral symmetry, allow the left to talk to the right.
⇒ the multiplets are split, the Nambu-Goldstone boson multiplet is not massless.

Chiral symmetry broken in two ways:

spontaneously 〈0|qRqL |0〉 6= 0

explicitly mu , md , ms 6= 0
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Pattern of light quark masses

Even before the discovery of QCD, attempts at estimating the masses of the quarks
were made.

Bound state models for mesons and baryons:
mu +mu +md ≃Mp mu ≃md ≃ 300 MeV

“constituent masses”

With the discovery of QCD, the mass of the quarks became an unambiguous concept:
quark masses occur in the Lagrangian of the theory.

First crude estimate within QCD relied on a model for the wave functions of π,K, ρ,
based on SU(6) (spin-flavour-symmetry)

(mu +md)

2
=
FπM2

π

3FρMρ
≃ 5 MeV, ms ≃ 135 MeV

L. 1974, "Is the quark mass as small as 5 MeV ?"

Not very different from the pattern found within the Nambu-Jona-Lasinio model (1961)
or the one obtained from sum rules by Okubo (1969).
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Crude picture for mu, md, ms

Difference betweenmu andmd ? In 1975, Jürg Gasser and I analyzed the
Cottingham formula with the data available by then.

⇒ e.m. self-energy of proton> neutron

⇒Mp <Mn cannot be due to the e.m. interaction

must be due tomu <md .

⇒ Isospin not a symmetry of the strong interaction ! In fact, an apparently very strong
breaking was needed:

mu ≃ 4 MeV, md ≃ 7 MeV, ms ≃ 135 MeV Gasser + L. 1975

mu andmd are very different

mu andmd are small compared toms

“constituent masses” /∈ Lagrangian of QCD

Took quite a while before this bizarre pattern was taken seriously
outside our institute . . . Weinberg 1977
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Approximate symmetries are natural in QCD

Why is isospin such a good quantum number ?

(a) Divergences of perturbation theory do not represent a disease, but are intimately
connected with the structure of the theory: dimensional transmutation.

⇒ QCD has an intrinsic scale.

(b)md −mu ≪ scale of QCD, not≪mu +md

Why is the eightfold way a decent approximate symmetry ?

ms −mu ≪ scale of QCD

Isospin is an even better symmetry because

md −mu ≪ms −mu

mu ≪ms ⇒mu ,md,ms ≪ scale of QCD

⇒ Masses of the light quarks represent perturbations.

Can neglect these in a first approximation.
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Approximate symmetries are natural in QCD

Why is isospin such a good quantum number ?

(a) Divergences of perturbation theory do not represent a disease, but are intimately
connected with the structure of the theory: dimensional transmutation.

⇒ QCD has an intrinsic scale.

(b)md −mu ≪ scale of QCD, not≪mu +md

Why is the eightfold way a decent approximate symmetry ?

ms −mu ≪ scale of QCD

Isospin is an even better symmetry because

md −mu ≪ms −mu

mu ≪ms ⇒mu ,md,ms ≪ scale of QCD

⇒ Masses of the light quarks represent perturbations.

Can neglect these in a first approximation.

In first approximation, the real world is the paradise discussed earlier.
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Quark masses as perturbations

Masses of the light quarks enter the Hamiltonian via

HQCD = H0 +H1

H1 =

Z

d3x{muuu+md dd+ms ss}

H0 describes u,d, s as massless, c, b, t as massive.

H0 is invariant under SU(3)L×SU(3)R .

H0 treats π,K,η as massless particles,H1 gives them a mass.

Expansion in
powers of

mu ,md,ms

⇐⇒ Perturbation series
in powers ofH1
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Gell-Mann-Oakes-Renner formula

First order perturbation theory yields (formula does not appear like this in the paper)

M2
π = (mu +md)×|〈0|uu |0〉|×

1

F2
π

Gell-Mann, Oakes & Renner 1968
⇑ ⇑
explicit spontaneous

Coefficient: pion decay constant 〈0|dγµγ5u|π+〉 = ipµ
√

2Fπ

Value of Fπ is known from π+ → µ+ν.

Correlatesmu +md with the quark condensate |〈0|uu |0〉|.
Formula receives corrections from higher orders.
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Lattice

Simulations of QCD on a lattice now reach small lattice spacings, small quark masses.
Quality of the available lattice data is impressive⇒ can make contact with physics.

Gell-Mann-Oakes-Renner formula can be checked on the lattice:
can calculateMπ as a function ofmu=md=m

0 0.01 0.02 0.03am
0

0.02

0.04

0.06

0.08

(amπ)2
mπ∼676 MeV

484

381

294

fit to 4 points
fit to 5 points

(amPS)
2

(aµ)

0.0160.0120.0080.0040

0.08

0.06

0.04

0.02

0

Lüscher, Lattice conference 2005 ETM collaboration, hep-lat/0701012

⇒ Proportionality ofM2
π tomu +md holds out to quark mass values that are an order

of magnitude larger than in nature.

Many other observables can now reliably and accurately be calculated on the lattice.
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Consequences of GMOR formula

M2
π = (mu +md)B+O(m2)

⇒ The energy gap of QCD is small becausemu ,md happen to be small.

M2
K+ = (mu +ms)B+O(m2)

M2
K0 = (md +ms)B+O(m2)

⇒M2
K ≫M2

π , becausems happens to be large compared tomu ,md .

Nambu-Goldstone boson masses measure the strength of symmetry breaking.

⇒ strongly violate SU(3).

Check: first order perturbation theory also yields

M2
η = 1

3
(mu +md + 4ms)B+O(m2)

⇒M2
π − 4M2

K + 3M2
η = O(m2)

Gell-Mann-Okubo formula forM2
√
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November revolution

Discovery of the J/ψ, announced at Brookhaven and SLAC on 11.11.1974.

Confirmed three days later at ADONE, Frascati.

ψ′ found ten days later at SLAC, subsequently many further related states.

Now know that these are bound states formed with the c-quark and its antiparticle and
that there are two further heavy quarks: b, t.
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QCD sum rules

Quantitative analysis of the current correlation functions
small distances⇒ operator product expansion, gluon condensate, quark condensate
large distances⇒ low lying physical states

Shifman, Vainshtein, Zakharov 1977

Quark masses can be estimated on this basis.
Novikov, Okun, Shifman, Vainshtein, Voloshin, Zakharov 1977

Leading nonperturbative corrections for bound states of heavy quarks.
Voloshin 1979, L. 1981

Quark condensate can be estimated from the masses of the baryons.
Ioffe 1981

⇒ Short distance behaviour of QCD is consistent with the observed spectrum.
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Perturbative QCD

At short distances, QCD can be analyzed by means of perturbation theory

At high energies, inclusive processes, such as

e+ p→ e+ anything

can be calculated in terms of the running coupling constant αs(µ) and the running
quark massesmu(µ), . . . ,mt(µ).

Main characteristic of the jets generated by quarks or gluons with large transverse
momenta can be analyzed within perturbation theory

Effective theories have been developed to cope with the infrared singularities
encountered if some of the loop momenta become soft or collinear

Very successful and very active field of research, useful in particular also for
processes where QCD merely generates unwanted background
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Running coupling constant of QCD

QCD α  (Μ  ) = 0.1184 ± 0.0007s Z

0.1

0.2

0.3

0.4

0.5

αs (Q)

1 10 100
Q [GeV]

Heavy Quarkonia
e+e–  Annihilation
Deep Inelastic Scattering

July 2009

taken from minireview on QCD
by Dissertori and Salam (PDG online)
Plot is due to Bethke 2009

Sources test very different scales

Clear evidence for asymptotic freedom
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Value of αs

Data base used in current world average
compilation due to Bethke 2009

0.115 0.120 0.125

αs(MZ)

τ-decay

DIS F2

DIS jets

Lattice (Quarkonia)

Y-decay

e
+
e

-
 jets and shapes

electroweak precision fits

e
+
e

-
 jets and shapes

⇑
αs(MZ ) = 0.1184± 0.0007

Average is dominated by the lattice results
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Effective low energy theory of QCD

Recent reviews of the work done in χPT:
Bernard & Meissner, hep-ph/0611231.
Ecker, arXiv:0812.4196.
Bijnens, arXiv:0909.4635.
Scherer & Schindler, Lect. Notes Phys. 830 (2012) 65.

Comprehensive discussion of kaon physics:
Cirigliano, Ecker, Neufeld, Pich & Portoles, arXiv:1107.6001.
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Low energy theorems

The strength of the πN interaction is determined by chiral symmetry:

gπN =
MN gA

Fπ
Goldberger & Treiman 1958

gA = 1.2701± 0.0025 nucleon matrix element of the axial charge

At low energies, the interaction among the pions is also governed by chiral symmetry.

The S-waves dominate, because of the angular momentum barrier.

Bose statistics only allows S-waves with I = 0 or I = 2.

At low energies, the partial waves reduce to the scattering lengths:

a0
0 , a

2
0
← isospin
← angular momentum

Prediction from current algebra:

a0
0 =

7M2
π

32πF2
π

= 0.16, a2
0 = − M2

π

16πF2
π

= −0.045 Weinberg 1966
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Low energy theorems

Ademollo-Gatto theorem

Concerns a hadronic matrix element of the strangeness-changing weak current:

〈K0|ūγµs|π−〉 = (pK + pπ )µf+(t) + (pK − pπ )µf−(t)

In the theoretical limitmu = md = ms , the current ūγµs is conserved.

⇒ f−(t) = 0, f+(0) = 1

f+(0) is matrix element of a conserved charge, relevant for determination of Vus .

The theorem states that the symmetry breaking effects in f+(0) only show up at
second order in the symmetry breaking parametersms −md, md −mu

⇒ f+(0) must be close to 1 also in the real world. Ademollo & Gatto 1964

Callan-Treiman relation

Concerns the scalar form factor∼ 〈K0|∂µ(ūγµs)|π−〉
f0(t) = f+(t) +

t

M2
K −M2

π

f−(t) , f0(0) = f+(0)

Low energy theorem: value at t = M2
K −M2

π is determined by FK/Fπ ,

f0(M
2
K −M2

π) =
FK

Fπ



1 +O(mu ,md)

ff

Callan & Treiman 1966
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Low energy theorems

The nucleon expectation value of the quark mass term,

σπN =
1

2MN
〈N|muuu+md dd |N〉

is referred to as the σ-term. A venerable low energy theorem of current algebra relates
it to the value of the πN scattering amplitudeD+(ν, t) at ν = 0, t = 2M2

π .
Weinberg, Cheng & Dashen, Brown, Pardee & Peccei

Adler-Weisberger relation, etc.

All of these "theorems" must be taken with a grain of salt: they are strictly valid only in
the theoretical limit where chiral symmetry is exact. In the real world, they all receive
corrections from quark mass effects.

In early work, the effects generated by the quark masses were investigated directly,
accounting for the masses in the derivation of the various low energy theorems. This is
extremely laborious, however, and it is very difficult to keep track of all of the effects.

⇒ Chiral Perturbation Theory offers a much more efficient method.
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Low energy theorems

The nucleon expectation value of the quark mass term,

σπN =
1

2MN
〈N|muuu+md dd|N〉

is referred to as the σ-term. A venerable low energy theorem of current algebra relates
it to the value of the πN scattering amplitudeD+(ν, t) at ν = 0, t = 2M2

π .
Weinberg, Cheng & Dashen, Brown, Pardee & Peccei

Adler-Weisberger relation, etc.

All of these "theorems" must be taken with a grain of salt: they are strictly valid only in
the theoretical limit where chiral symmetry is exact. In the real world, they all receive
corrections from quark mass effects.

In early work, the effects generated by the quark masses were investigated directly,
accounting for the masses in the derivation of the various low energy theorems. This is
extremely laborious, however, and it is very difficult to keep track of all of the effects.

⇒ Chiral Perturbation Theory offers a much more efficient method.

Moreover χPT is absolutely fool-proof
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Chiral Perturbation theory

Massless QCD contains infrared singularities due to the Nambu-Goldstone bosons:
formu = md = 0, pion exchange gives rise to poles and branch points at p = 0.

⇒ Low energy expansion is not a Taylor series, contains logarithms.

Properties of the Nambu-Goldstone bosons are governed by the hidden symmetry that
is responsible for their occurrence.

⇒ Nambu-Goldstone bosons of low momentum interact only weakly: can treat the
momenta as well as the quark masses as perturbations.

Formulation in terms of an effective Lagrangian for the S-matrix elements.
Weinberg 1967, Coleman, Wess, Zumino, Callan, Dashen, Weinstein 1969

Extension to the matrix elements of the currents: effective Lagrangian for the Green
functions of QCD. Gasser & L. 1984
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Group geometry

QCD with 3 massless quarks:
spontaneous symmetry breakdown
from SU(3)R×SU(3)L to SU(3)V
generates 8 Nambu-Goldstone bosons

Generalization: suppose symmetry group
of Hamiltonian is Lie group G
GeneratorsQ1,Q2, . . . ,QD ,D = dim(G)
For some generatorsQi |0〉 6= 0

How many Nambu-Goldstone bosons ?

Consider those elements of the Lie algebra
Q = α1Q1 + . . .+ αnQD , for whichQ |0〉 = 0

These elements form a subalgebra:
Q |0〉 = 0, Q′ |0〉 = 0 ⇒ [Q,Q′] |0〉 = 0

Dimension of subalgebra: d≤D
Of theD vectorsQi |0〉
D− d are linearly independent

⇒D− d different physical states of zero mass
⇒D− d Nambu-Goldstone bosons
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Group geometry

Subalgebra generates subgroup H⊂G
H is symmetry group of the ground state
coset space G/H contains as many parameters
as there are Nambu-Goldstone bosons
d = dim(H),D = dim(G),D− d = dim(G/H)

⇒ Nambu-Goldstone bosons live on the coset G/H

Example: QCD withNf massless quarks
G = SU(Nf )R × SU(Nf )L
H = SU(Nf )V
D = 2 (N2

f − 1), d = N2
f − 1

N2
f − 1 Nambu-Goldstone bosons

It so happens thatmu ,md ≪ms

⇒mu = md = 0 is an excellent approximation
SU(2)R× SU(2)L is a nearly exact symmetry
Nf = 2,N2

f − 1 = 3 Nambu-Goldstone bosons (pions)
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Generating functional of QCD

Basic objects for quantitative analysis of QCD: Green functions of the currents

V µa = q γµ 1
2
λa q , A

µ
a = q γµγ5

1
2
λa q ,

Sa = q 1
2
λa q , Pa = q iγ5

1
2
λa q

Include singlets, with λ0 =
p

2/3×unit matrix, as well as

ω =
1

16π2
tr
c
Gµν G̃

µν

Can collect all of the Green functions formed with these operators in a generating
functional: perturb the system with external fields
vaµ(x), aaµ(x), sa(x), pa(x), θ(x)

Replace the Lagrangian of the massless theory

L0 = − 1

2g2
tr
c
GµνG

µν + q iγµ(∂µ − iGµ) q

by

L = L0 + L1

L1 = vaµV
µ
a + aaµA

µ
a − saSa − paPa − θω

Quark mass terms are included in the external field sa(x)
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Generating functional of QCD

|0 in〉: system is in ground state for x0 →−∞
Probability amplitude for finding ground state when x0 →+∞:

eiSQCD{v,a,s,p,θ} = 〈0 out|0 in〉v,a,s,p,θ
Expressed in terms of ground state of L0:

eiSQCD{v,a,s,p,θ} = 〈0|T exp i

Z

dxL1 |0〉
Expansion of SQCD{v,a, s,p, θ} in powers of the external fields yields the connected
parts of the Green functions of the massless theory

SQCD{v,a, s,p, θ} = −
Z

dxsa(x)〈0|Sa(x) |0〉

+ i
2

Z

dxdyaaµ(x)abν (y)〈0|TAµa (x)Aνb (y) |0〉conn + . . .

SQCD{v,a, s, p, θ} is referred to as the generating functional

For Green functions of full QCD, set

sa(x) = ma + s̃a(x) , ma = tr(λam)

and expand around s̃a(x) = 0
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Generating functional of QCD

Path integral representation for the generating functional:

e
iSQCD{v,a,s,p} = N

Z

[dG] e i
R

dx LG detD

LG = − 1

2g2
tr
c
GµνG

µν − θ

16π2
tr
c
Gµν G̃

µν

D = iγµ{∂µ − i(Gµ + vµ + aµγ5)}− s− iγ5p

Gµ is matrix in colour space
vµ, aµ, s, p are matrices in flavour space
vµ(x) ≡ 1

2
λa vaµ(x), etc.
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Ward-Takahashi identities

Express the symmetries in terms of Green functions

Lagrangian is invariant under

qR(x)→ VR(x) qR(x) , qL(x)→ VL(x) qL(x)

VR(x),VL(x) ∈ U(3)

provided the external fields are transformed with

v′µ + a′µ = VR(vµ + aµ)V
†
R − i∂µVRV

†
R

v′µ − a′µ = VL(vµ − aµ)V
†
L − i∂µVLV

†
L

s′ + ip′ = VR(s+ ip)V
†
L

The operation takes the Dirac operator into

D′ =
˘

P−VR + P+VL
¯

D
n

P+V
†
R + P−V

†
L

o

P± = 1
2
(1± γ5)

detD requires regularization, but a symmetric regularization does not exist
⇒ detD′ 6= detD, only |detD′| = |detD|
⇒ symmetry does not survive quantization
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Ward-Takahashi identities

Change in detD can explicitly be calculated
For an infinitesimal transformation

VR = 1 + iα+ iβ+ . . . , VL = 1 + iα− iβ+ . . .

the change in the determinant is given by

detD′ = detD e−i
R

dx {2〈β〉ω+〈βΩ〉}

〈A〉 ≡ trA

ω =
1

16π2
tr
c
Gµν G̃

µν gluons

Ω =
Nc

4π2
ǫµνρσ∂µvν∂ρvσ + . . . ext. fields

Consequence for generating functional:
The term with ω amounts to a change in θ, can be compensated by θ′ = θ− 2 〈β〉
The term with 〈βΩ〉 can be pulled outside the path integral

⇒ SQCD{v′, a′, s′, p′, θ′} = SQCD{v,a, s, p, θ}−
Z

dx〈βΩ〉
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Ward-Takahashi identities

SQCD{v′, a′, s′, p′, θ′} = SQCD{v,a, s, p, θ}−
Z

dx〈βΩ〉

SQCD is invariant under U(3)R×U(3)L , except
for a specific change due to the anomalies

Relation plays key role in low energy analysis:
collects all of the Ward-Takahashi identities
For the octet part of the axial current,e.g.

∂xµ〈0|TAµa (x)Pb(y) |0〉 = −1
4
i δ(x− y)〈0|q{λa , λb}q |0〉

+ 〈0|Tq(x) iγ5{m, 1
2
λa}q(x)Pb(y) |0〉

Symmetry of the generating functional implies the operator relations

∂µV
µ
a = q i[m, 1

2
λa ]q , a = 0, . . . ,8

∂µA
µ
a = q iγ5{m, 1

2
λa}q , a = 1, . . . ,8

∂µA
µ
0 =

q

2
3
q iγ5mq+

√
6ω

Textbook derivation of the Ward-Takahashi identities goes in inverse direction,
but is slippery, formal manipulations, anomalies ?
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Low energy expansion

If the spectrum has an energy gap
⇒ no singularities in scattering amplitudes or Green functions near p = 0

⇒ low energy behaviour may be analyzed with Taylor series expansion in powers of p

f(t) = 1 + 1
6
〈r2〉 t+ . . . form factor

T(p) = a+ bp2 + . . . scattering amplitude

Cross section dominated by
S–wave scattering length

dσ

dΩ
≃ |a|2

Expansion parameter:
p

m
=

momentum
energy gap

Taylor series only works if the spectrum
has an energy gap, i.e. if there are
no massless particles
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Low energy expansion

Illustration: Coulomb scattering

p

p′

e

e

e

e

γ

Photon exchange⇒ pole at t = 0

T =
e2

(p′ − p)2

⇒ Scattering amplitude does not admit Taylor series expansion in powers of p

QCD does have an energy gap but the gap is very small: Mπ

⇒ Taylor series has very small radius of convergence, useful only for p <Mπ
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Low energy expansion

Massless QCD contains infrared singularities due to the Nambu-Goldstone bosons:
Formu = md = 0, pion exchange gives rise to poles and branch points at p = 0

⇒ Low energy expansion is not a Taylor series, contains logarithms

Li & Pagels 1971, Langacker & Pagels 1973

Singularities due to Nambu-Goldstone bosons can be worked out with
an effective field theory: Chiral Perturbation Theory

Weinberg 1979, Gasser 1981

Chiral perturbation theory has exactly the same infrared singularities as QCD.

Quantities of interest are expanded in powers of external momenta and quark masses.

Expansion has been worked out to next-to-leading order for many quantities.
"Chiral perturbation theory to one loop"

In quite a few cases, the next-to-next-to-leading order is also known

Progress in understanding QCD – p. 58/100



H. Leutwyler – Bern

Effective Lagrangian

Replace quarks and gluons by pions

~π(x) = {π1(x),π2(x), π3(x)}
LQCD → Leff

Central claim:

A. Effective theory yields alternative representation for generating functional of QCD

eiSQCD{v,a,s,p,θ} = Neff

Z

[dπ]ei
R

dxLeff{~π,v,a,s,p,θ}

B. Leff has the same symmetries as LQCD

⇒ Can calculate the low energy expansion of the Green functions
with the effective theory.

If Leff is chosen properly, this reproduces the
low energy expansion of QCD, order by order.

Proof of A and B: L., Annals Phys. 1994
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Effective Lagrangian

Pions live on the coset G/H = SU(2):

~π(x)→U(x) ∈ SU(2)

The fields ~π(x) are the coordinates of U(x)

Can use canonical coordinates, for instance: U = exp i ~π · ~τ ∈ SU(2)

Action of the symmetry group on the quarks:

q′R = VR · qR , q′L = VL · qL
Action on the pion field:

U′ = VR ·U · V †L
Note: Transformation law for the coordinates ~π is complicated, nonlinear

Except for the contribution from the anomalies,Leff is invariant

Leff{U′, v′, a′, s′, p′, θ′} = Leff{U,v,a, s, p, θ}

Symmetry of SQCD implies symmetry of Leff

Side remark: Lorentz invariance is essential here – for nonrelativistic effective theories,
the effective Lagrangian is in general invariant only up to a total derivative.
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Explicit construction of Leff

First ignore the external fields, set vµ(x) = aµ(x) = s(x) = p(x) = θ(x) = 0.

Leff = Leff(U,∂U,∂
2U, . . .)

Derivative expansion:

Leff = f0(U) + f1(U)× U + f2(U)× ∂µU × ∂µU + . . .

⇑ ⇑ ⇑
O(1) O(p2) O(p2)

Amounts to an expansion in powers of momenta

Term ofO(1): f0(U) = f0(VRUV
†
L )

VR = 1 , VL = U → VRUV
†
L = 1

⇒ f0(U) = f0(1) irrelevant constant, drop it

Term with U: integrate by parts⇒ can absorb f1(U) in f2(U)
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Explicit construction of Leff

⇒ Derivative expansion of Leff starts with

Leff = f2(U)× ∂µU × ∂µU +O(p4)

Replace the partial derivative by

∆µ ≡ ∂µUU† , tr∆µ = 0

∆µ is invariant under SU(2)L and transforms with the representation

D(1) under SU(2)R : ∆µ → VR ∆µ V
†
R

In this notation, the leading term is of the form

Leff = f̃2(U)×∆µ ×∆µ +O(p4)

Invariance under SU(2)L : f̃2(U) = f̃2(UV
†
L )

⇒ f̃2(U) is independent of U

Invariance under SU(2)R : ∆µ ×∆µ transforms withD(1) ×D(1) → contains unity
exactly once: tr(∆µ∆µ) = tr(∂µUU†∂µUU†) = −tr(∂µU∂µU†)

⇒ Geometry fixes the leading term up to a constant

Leff =
F2

4
tr(∂µU∂µU†) +O(p4)
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Leading term in the effective Lagrangian

Leff = 1
4
F2tr(∂µU∂µU†) +O(p4)

Result: the leading term in the effective Lagrangian relevant for
SU(2)R×SU(2)L → SU(2)V is given by a well-known model:

Nonlinear σ-model

The model represents a limiting case of the scalar φ4 theory that
occurs in the Standard Model:

~φ = {φ0,φ1,φ2,φ3} four real scalar fields

Lφ = 1
2
∂µ ~φ · ∂µ ~φ+ 1

2
m2~φ2 − 1

4
λ(~φ2)2 mass term of "wrong" sign

Limit: λ,m→∞ at fixed ratiom2/λ = F2. In this limit, the length of the vector ~φ
freezes: ~φ→ F ~U, where ~U = {U0,U1,U2,U3} is a unit vector, ~U ∈ S3.

The Lagrangian then takes the form Lφ → 1
2
F2∂µ ~U · ∂µ ~U + constant.

map U ∈ SU(2) ↔ ~U ∈ S3: U = U0 1 + U1 iτ1 + U2 iτ2 +U3 iτ3

1
4
F2tr(∂µU∂µU†) = 1

2
F2∂µ ~U · ∂µ ~U
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Representation in terms of the pion field

Expansion in powers of ~π:

U = exp i~π · ~τ = 1 + i~π · ~τ − 1
2
~π 2 + . . .

⇒Leff =
1

2
F2 ∂µ~π · ∂µ~π+

1

48
F2tr{[∂µπ,π] [∂µπ,π]}+ . . .

For the kinetic term to have the standard normalization:
rescale the pion field, ~π→ ~π/F

Leff =
1

2
∂µ~π · ∂µ~π+

1

48F2
tr{[∂µπ,π] [∂µπ,π]}+ . . .

⇒ a. Symmetry requires the pions to interact.
b. Derivative coupling – λπ4 is forbidden by the symmetry.
Nambu-Goldstone bosons at rest do not interact.

Strength of the interaction is proportional to
momentum2

F2
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Turning the effective fields on

Expression given for Leff only holds if the external fields are turned off.
Also, tr(∂µU∂µU†) is invariant only under global transformations.
Suffices to replace ∂µU by

DµU = ∂µU−i(vµ +aµ)U+ iU(vµ−aµ)

In contrast to tr(∂µU∂µU†), the term tr(DµUDµU†) is invariant under local
SU(2)R× SU(2)L .

Can construct an invariant with the external fields s,p: s+ ip transforms like U.

⇒ tr{(s+ ip)U†} is invariant.

Violates parity: p→−p, ~π→−~π,U → U†

tr{(s+ ip)U†}+ tr{(s− ip)U} is consistent with the symmetries of QCD.

In addition, ∃ an invariant independent of U:

DµθDµθ, withDµθ = ∂µθ+ 2 tr(aµ).

Denote the generic momentum by p, count derivatives as quantities ofO(p)

Book the external fields as θ = O(1), vµ, aµ = O(p), s, p = O(p2).
Note: p is used to indicate the momentum as well as for one of the external fields . . .

⇒ Expansion in the number of derivatives and external fields yields string of the form

Leff = L(2) + L(4) + L(6) + . . .
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Effective Lagrangian

Complete expression for leading term:

L(2) =
F2

4
〈DµUDµU† + χU† + Uχ†〉+ h0DµθD

µθ

χ≡ 2B (s+ ip) , 〈A〉 ≡ tr(A)

Contains 3 constants: F,B,h0 "Low Energy Constants", LEC

Next-to-leading order:

L(4) =
ℓ1

4
〈DµUDµU〉2 +

ℓ2

4
〈DµUDνU〉〈DµUDνU〉

+
ℓ3

4
〈χU† + Uχ†〉2 +

ℓ4

4
〈DµχDµU† +DµUD

µχ†〉
+ . . .

Number of Low Energy Constants rapidly grows with the order of the expansion.
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Effective Lagrangian

Infinitely many LECs.
Symmetry does not determine these.
Predictivity ?

Essential point: If Leff is known to given order⇒ can work out the low energy
expansion of the Green functions to that order. Weinberg 1979

The effective theory is a quantum field theory, need to perform the path integral.

eiSQCD{v,a,s,p,θ} = Neff

Z

[dU]ei
R

dxLeff{U,v,a,s,p,θ}

Graphs containing loops diverge, need to regularize the effective theory.
Leff contains all terms permitted by the symmetries of QCD.

⇒ The divergences can be absorbed in a renormalization of the LECs.
⇒ The results obtained with the effective theory at a given order of the chiral perturbation

series do not depend on how the theory is renormalized.
⇒ χPT is renormalizable, order by order.
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Renormalization

The nonlinear sigma model is not renormalizable. Taken by itself, it does not represent
a meaningful theory, because the divergences of the loop graphs cannot be absorbed
in the coupling constant F that characterizes the model.

The one loop graphs of the nonlinear sigma model represent terms ofO(pd), which
are unambiguous for d < 4, but diverge when d→ 4. The coefficients of the
divergence represent quantities ofO(p4).

The nonlinear sigma model only represents the leading term of the effective
Lagrangian relevant for QCD, L(2). It occurs together with a string of higher order
contrbutions: L(4), L(6), . . .

All of the divergences arising in the nonlinear sigma model at one loop can be
absorbed in a renormalization of the LECs occurring in L(4). If the perturbation series
is carried toO(p6), then L(6) also enters the calculation and the LECs occurring
therein also need to be renormalized, etc.

NLO expressions for Fπ ,Mπ involve 2 new coupling constants: ℓ3, ℓ4.

In the ππ scattering amplitude, two further coupling constants enter at NLO: ℓ1, ℓ2.
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Power counting

Classical theory⇔ tree graphs.
Need to include graphs with loops.

Power counting in dimensional regularization:
Graphs with ℓ loops are suppressed by factor p2ℓ as compared to tree graphs.

⇒ Leading contributions given by tree graphs.
Graphs with one loop contribute at next-to-leading order, etc.

The leading contribution to SQCD is given by the sum of all tree graphs.
The tree graphs describe the classical limit of the corresponding quantum field theory.

⇒ SQCD{v,a, s,p, θ} = extremum
U (x)

Z

dxLeff{U,v,a, s, p, θ}

Compact summary of all current algebra results for the Green functions.
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Mπ to one loop

The formulaM2
π = (mu +md)B only holds at tree level, represents leading term in

expansion ofM2
π in powers ofmu ,md

Disregard isospin breaking: setmu = md = m

Claim: at next-to-leading order, the expansion ofM2
π in powers ofm contains a

logarithm:

M2
π = M2 − 1

2

M4

(4πF)2
ln

Λ 2
3

M2
+O(M6)

M2 ≡ 2mB

Proof: Pion mass⇔ pole position, for instance in the Fourier transform of
〈0|TAµa (x)Aνb (y) |0〉⇒ suffices to work out the perturbation series for this object
to one loop of the effective theory.
At first non-leading order, two graphs contribute to the pion self-energy:

X

a

ℓ3 +

b
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Mπ to one loop

X

a

ℓ3
+

b

M2
π = M2 +

2 ℓ3M4

F2
+
M2

2F2

1

i
∆(0,M2) +O(M6)

∆(0,M2) is the propagator at the origin:

∆(0,M2) =
1

(2π)d

Z

ddp

M2 − p2 − iǫ = i (4π)−d/2 Γ(1− d/2)Md−2

Contains a pole at d = 4: Γ (1− d/2) =
2

d− 4
+ . . .

Divergent part is proportional toM2⇒ can absorb it in a renormalization of ℓ3.
The finite part depends logarithmically onM.

Net result forM2
π : M2

π = M2−1

2

M4

(4πF)2
ln

Λ 2
3

M2
+O(M6)

M2 = 2Bm is linear inmu = md = m.

Λ3 is the renormalization group invariant scale of the LEC ℓ3.
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Size of the correction

M2
π = M2−1

2

M4

(4πF)2
ln

Λ 2
3

M2
+O(M6)

Crude estimate for Λ3, based on SU(3) mass formulae for the pseudoscalar octet:

0.2 GeV< Λ3 < 2 GeV

ℓ̄3 ≡ ln
Λ2

3

M2
π

= 2.9± 2.4 Gasser, L. 1984

∃ better determination ℓ̄3 on the lattice, to be discussed shortly

⇒ Next–to–leading term is a small correction:

0.005 <
1

2

M2
π

(4πFπ)2
ln

Λ 2
3

M2
π

< 0.04

Scale of the expansion is set by the size ofMπ compared to 4πFπ :

M2

(4πF)2
≃ M2

π

(4πFπ)2
= 0.0144
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Lattice results for Mπ ↔ Λ3

Determine the scale Λ3 by comparing the lattice results forMπ as function ofmwith
the χPT formula

M2
π = M2 − 1

2

M4

(4πF)2
ln

Λ 2
3

M2
+O(M6) , M2 ≡ 2Bm

Lattice results for Λ3
lower part stems from
FLAG review 2011
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Horizontal axis shows the value of ℓ̄3 ≡ ln
Λ 2

3

M2
π

Range for Λ3 obtained in 1984 corresponds to ℓ̄3 = 2.9± 2.4

Uncertainty in result of Scholz et al. 2011 is much smaller: ℓ̄3 = 2.9± 0.2
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Lattice results for Fπ ↔ Λ4

χPT formula for Fπ is similar to the one forM2
π :

Fπ = F



1− M2

16π2F2
ln
M2

Λ 2
4

+O(M4)

ff

Can determine the scale Λ4 by evaluating Fπ as function ofm on the lattice.

Lattice results for Λ4
lower part stems from
FLAG review 2011
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Lattice results beautifully confirm the prediction for the sensitivity of Fπ to mu ,md :
Fπ

F
= 1.072± 0.007 Colangelo & Dürr 2004

Progress in understanding QCD – p. 74/100



H. Leutwyler – Bern

Flavour physics at low energy, high accuracy

ππ scattering
The low energy theorems

a0
0 =

7M2
π

32πF2
π

= 0.16, a2
0 = − M2

π

16πF2
π

= −0.045 Weinberg 1966

specify the leading terms in the expansion of the scattering lengths in powers of
mu ,md in terms ofM2

π = O(mu,md) and Fπ = O(1).

χPT allows to analyze the contributions of higher order:
ππ scattering to one loop Gasser & L. 1983
ππ scattering to two loops Bijnens, Colangelo, Ecker, Gasser & Sainio 1996

Most accurate results for a0
0, a

2
0 are obtained by matching the chiral and dispersive

representations of the scattering amplitude in the unphysical region below threshold.

a0
0 = 0.220± 0.005, a2

0 = −0.0444± 0.0010 Colangelo, Gasser & L. 2001
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χPT predictions for the scattering lengths

0.16 0.18 0.2 0.22 0.24 0.26

a0
0

-0.06

-0.05

-0.04

-0.03

a
2
0

1966
1983 1996

Universal Band
tree, one loop, two loops
low energy theorem for scalar radius
Colangelo, Gasser & L. 2001

Plot shows the effects due to the higher orders of the expansion in powers ofmu ,md .
Sizable corrections in a0

0, while a2
0 nearly stays put.
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Experimental results for the scattering lengths

Production experiments πN → ππN,
ψ→ ππω,B→Dππ, . . .
Problem: pions are not produced in vacuo.

⇒ Extraction of ππ scattering amplitude is not simple.
Accuracy rather limited.

The remarkably sharp predictions triggered new low energy precision experiments:

π+π− atoms, DIRAC.

K± → π0π0π± , ,K0 → π0π0π0: cusp near threshold, NA48/2.

K± → π+π−e±ν data: E865, NA48/2.
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Pionic atoms

π+π− atoms provide an ideal laboratory.

Decay through the strong interaction π+π− → π0π0.
Decay rate∝ (a0

0 −a2
0)

2.

Interference of e.m. and strong interactions in bound state and decay is well
understood.

⇒ Can reliably measure low energy properties of the ππ scattering amplitude in this way.

Prediction for the lifetime: τ = 2.9± 0.1 fs.
Gasser, Lyubovitskij, Rusetsky & Gall 2001

Experimental result: τ = 3.15
+0.20
−0.18

+0.20
−0.19 fs DIRAC 2011

stat syst

Experiment on πK-atoms is under way⇒ fabulous tool to explore strange quarks at
low energy.
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Cusp in K± → π0π0π±

Accurate data in the threshold region of the decayK± → π0π0π± allow a
determination of a0

0 − a2
0.

NA48/2 has collected 6× 107 decays in this channel !

0
5

10
1520

25
30

270 275 280 285 290

d�dM��

M��
(a0 � a2)m�+ = 0:265(a0 � a2)m�+ = 0

taken from N. Cabibbo, hep-ph/0405001

Progress in understanding QCD – p. 79/100



H. Leutwyler – Bern

Results from Ke4 decay

K± → π+π−e±ν allows clean measurement of δ00 − δ11 .

Dispersion theory (Roy equations) allows to calculate δ00, δ
1
1 as a function of energy –

provided a0
0, a

2
0 are known (subtraction constants).

0.28 0.3 0.32 0.34 0.36 0.38 0.4
GeV

-5

0

5

10

15

20

δ0
0− δ1

1

theoretical prediction 2001
CERN-Saclay 1977 isospin corrected
E865 2003 isospin corrected
NA48/2 2006 isospin corrected

There was a discrepancy here, because a pronounced isospin breaking effect from
K→π0π0eν→π+π−eν had not been accounted for in the data analysis.

Colangelo, Gasser, Rusetsky 2007, Brigitte Bloch-Devaux 2007
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Experimental results for scattering lengths
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Prediction: a0
0 = 0.220± 0.005 2001

NA48/2: a0
0 = 0.2206± 0.0049

stat
± 0.0018

syst
± 0.0064

theo
2010
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Lattice results for scattering lengths

Uncertainty in χPT prediction for a0
0, a

2
0 is dominated by the uncertainty in the Low

Energy Constants ℓ3, ℓ4. These can be determined from the quark mass dependence
ofMπ and Fπ .

Direct determination of a2
0 via dependence of the energy levels on box size.
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Compare the lattice results with prediction and experiment
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Conclusions for low energy pion physics

Expansion in powers ofmu ,md yields a very accurate
low energy representation of QCD.

Lattice results confirm the Gell-Mann-Oakes-Renner relation.
⇒Mπ is dominated by the contribution from the quark condensate.
⇒ Energy gap of QCD is understood very well.

The lattice approach allows an accurate measurement of those Low Energy Constants
that control the dependence of the various quantities of interest on the quark masses.

In the framework of SU(2)×SU(2), ℓ3 and ℓ4 are the relevant LECs at one loop.
Thanks to the work done on the lattice, these are now known reasonably well.

A reliable determination of the LECs at NNLO now becomes possible. In the real
world, the contributions from these are small, but on the lattice, the quark masses can
be increased, so that they become clearly visible. A determination would be very
useful, because it would test the models used to estimate the LECs.
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Expansion in powers of ms

Theoretical reasoning:

The eightfold way is an approximate symmetry.

In QCD, this symmetry becomes exact formu = md = ms .

The only coherent way to understand the presence of an approximate symmetry:
ms −md ,md −mu must be small, can be treated as perturbations.

Sincemu,md ≪ms

⇒ms can be treated as a perturbation.
⇒ Expect expansion in powers ofms to work,

but convergence to be comparatively slow.

This can now also be checked on the lattice.
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Quark masses

Main source: masses of the pseudoscalar mesons.

Tree level of the effective theory:

M2
π+ = B(mu +md)

M2
K+ = B(mu +ms)

M2
K0 = B(md +ms)

Chiral symmetry does not determine the value ofB↔ 〈0|uu |0〉.
The symmetry properties of the vacuum shield the pions from isospin breaking.

The quark mass difference only generates a tiny effect of order
M2
π+ −M2

π0 ∝ (mu −md)
2.

The mass difference between π0 and π+ is due almost exclusively to
electromagnetism.

⇒ More easy to determine the mean massmud ≡ 1
2
(mu +md)

than the differencemu −md .

Estimate the e.m. self-energies with the Dashen theorem:

M2
π0

e.m.
= M2

K0
e.m.
= 0 M2

K+
e.m.
= M2

π+
e.m
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ms : mud

Solve the tree level mass formulae for the ratioms : mud

⇒ ms

mud
=
M2
K+ +M2

K0 −M2
π+

M2
π0

= 25.9 Weinberg 1977

taken from FLAG review 2011
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current lattice average:

ms

mud
= 27.4± 0.4

27.4 = 25.9 + 1.5
⇑

higher orders

accuracy reached: 1.5 %
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mu : md

Tree level formulae corrected for e.m. self-energies with the Dashen theorem give

⇒ mu

md
=
M2
K+ −M2

K0 + 2M2
π0 −M2

π+

M2
K0 −M2

K+ +M2
π+

= 0.56 Weinberg 1977

Problem with this: in contrast to the case ofms : mud , the result formu : md is
sensitive to the uncertainties in the e.m. self-energies.

The decay η→ 3π provides a better handle onmu : md than the mass splitting
betweenK+ andK0, because it is much less sensitive to the e.m. interaction.

For e = 0 andmu = md , isospin is conserved, hence G-parity is conserved.
In this limit, the η is a stable particle, becauseGη = 1, Gπ = −1.

⇒ Since the e.m. contributions are tiny, the decay rate is to a very good
approximation proportional to (mu −md)

2.

χPT to one loop:

Γη→π+π−π0 =
C

Q4
Q2 ≡ m2

s −m2
ud

m2
d −m2

u

C can be expressed in terms of measured quantities→ can determineQ from
the measured decay rate. Gasser & L. 1985

Progress in understanding QCD – p. 88/100



H. Leutwyler – Bern

mu : md

η→ 3π, continued

Evaluation of the final state interaction can be improved significantly with
dispersion theory Kambor, Wiesendanger, Wyler, Anisovich, Walker, L.

Early evaluations of the Dalitz plot distribution did not agree well with experiment,
particularly for the neutral decay mode, η→ π0π0π0. The discrepancy is now
understood, but the implications forQ are not yet clear:
Q= 23.1± 0.7 Kampf, Knecht, Novotný, Zdráhal 2011
Q= 21.3± 0.6 Colangelo, Lanz, Passemar & L. (preliminary) 2011

A reliable evaluation of the e.m. self-energies on the lattice is still missing. The FLAG
compilation of the lattice results is based on the old estimate forQ derived from η
decay. Result:

mu

md
= 0.47± 0.04 FLAG review 2011

The lattice results show that the effects from higher orders of the chiral expansion are
remarkably small also in the case ofmu : md .
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Current knowledge of the quark mass ratios
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mud ≡ 1
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mu = 0 is out

1. Ifmu were smaller than about 1
3
md , then χPT would not be able to cope with the

observed mass pattern of the Nambu-Goldstone bosons.

2. Some of the lattice data now rule out a massless u-quark by more than 10 standard
deviations.

"mu = 0 is an interesting way not to understand this world - it is not the only one."

L., Nucl. Phys. B337 (1990) 117
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Mass of the strange quark

taken from FLAG review 2011

70

70

80

80

90

90

100

100

110

110

120

120

MeV

CP-PACS 01
JLQCD 02

ALPHA 05
SPQcdR 05

QCDSF/UKQCD 04

QCDSF/UKQCD 06
ETM 07
RBC 07

MILC 04, HPQCD/MILC/UKQCD 04
HPQCD 05
MILC 07
CP-PACS/JLQCD 07
RBC/UKQCD 08
PACS-CS 08

FLAG estimate for Nf = 2 

PDG 10

ms

N
f=

2+
1

N
f=

2

Dominguez 09
Chetyrkin 06
Jamin 06
Narison 06
Vainshtein 78

MILC 09
MILC 09A
HPQCD 09
PACS-CS 09
Blum 10

FLAG estimate for Nf = 2+1 

BMW 10A
RBC/UKQCD 10A

ETM 10B

PACS-CS 10
HPQCD 10

ms(2 GeV) = 94± 3 MeV 3.2%
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Vus and Vud

Experimental sources for Vus and Vud :

superallowed nuclear β transitions |Vud|
K→ πℓν |f+(0)Vus|
π→ ℓν, τ → πν |Vud Fπ |
K→ ℓν, τ →Kν |Vus FK |
inclusive τ decays |Vus|

Vector current relevant for nuclear β decay is conserved modulomu −md

⇒ analog of f+(0) is very close to unity

|Vud| = 0.97425± 0.00022 Hardy + Towner 2009

Can determine |Vus| fromK→ πℓν only if f+(0) is known. Early determinations
were based on χPT to one loop and a wave function model for the higher order
corrections to the Ademollo-Gatto theorem. L. & Roos 1984

In the meantime, the evaluation of f+(0) in χPT has been carried out to two loops,
including isospin breaking effects. Post, Schilcher, Bijnens, Talavera,
Cirigliano, Ecker, Eidemüller, Kaiser, Pich, Portoles, Jamin, Kastner, Neufeld, Ghorbani

Lattice calculations now provide reliable, precise determination of f+(0)⇒ |Vus|.
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|Vus|

Lattice results for Fπ , FK do not yet reach sufficient precision,
but those for the ratio FK/Fπ do

⇒ |Vus||Vud|
can be determined from

Γ(K→ ℓν)

Γ(π→ ℓν)
∝ |Vus|

2F2
K

|Vud|2F2
π

Direct determination of |Vus| from τ decay:

Sort out the final states in the inclusive decay τ → ν + hadrons:
Γ = Γ(τ → ν + strange hadrons) + rest

First term is dominated by |Vus|2, rest by |Vud|2
Gamiz, Jamin, Pich, Prades, Schwab, Maltman, Wolfe, Banerjee, Nugent, Roney
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Results for f+(0) and FK/Fπ

taken from FLAG review 2011
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Testing the Standard Model

|Vud|2 + |Vus|2 + |Vub|2 = 1
?

|Vub| known well enough, contribution is tiny

Testing the Standard Model with the lattice data alone

|Vu |2 ≡ |Vud|2 + |Vus|2 + |Vub|2 = 1.002± 0.016

Lattice results for Vud are consistent with the value obtained from nuclear β-decay
⇒ Test sharpens if the two are combined:

|Vu |2 = 1.0000± 0.0007 f+(0) + Vud

|Vu |2 = 0.9999± 0.0006 FK/Fπ + Vud
⇑ ⇑

Lattice β-decay
Two puzzles yet need to be solved:

Lattice results indicate that some of the model estimates used for the LECs
occurring in the χPT representation to two loops fail.

⇒ Is it now possible to reliably determine all relevant LECs, combining the lattice
results for the quark mass dependence with the dispersive constraints on the
momentum dependence of the form factors ?

Results for Vus obtained from τ decay are not consistent with the lattice results.
Potential explanations have been proposed, but it is not yet clear whether that
solves the puzzle.
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Conclusions for SU(3)×SU(3)

The crude estimates given long ago for the LECs relevant at NLO are confirmed.
⇒ Expansion in powers ofms appears to work:

As far as I can see, in all cases where the relevant LECs are known reasonably well,
the truncation at low order yields a decent approximation.

⇒ The picture looks coherent, also for SU(3)×SU(3).

ms ≫mu ,md ⇒ higher orders more important.

For many observables ∃ representation to NNLO. Bijnens and collaborators

Main problem: new LECs relevant at NNLO.
∃ estimates based on resonance models.
Vector meson dominance

√
Scalar meson dominance ?

Dependence onmu ,md,ms : scalar resonances.

Lattice results now start providing better values for the LECs, but the present situation
is much less satisfactory than in the case of pion physics.

In particular, the information about the Zweig rule violating LECs leaves much to be
desired.

To my knowledge, an analysis of the lattice results for the masses and decay constants
on the basis of he χPT formulae to two loops is still lacking – the settling of the dust is
a slow process . . .
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Outlook

I focused on the low energy properties of the sector with zero baryon number:
NB = 1

3
(Nu +Nd +Ns +Nc +Nb +Nt) = 0. Moreover, only states with

Nc = Nb = Nt = 0 were discussed.

In the mesonic sector withNs = Nc = Nb = Nt = 0, only the pions are stable, all
other states are in the continuum: resonances, poles on second sheet.

The mass and width of the lowest resonance in QCD, the σ, can now be calculated in
a controlled manner, using dispersion theory.

The pole position is an unambiguous notion, also for a broad resonance like the σ.

The dispersive calculation does not involve models or parametrizations.

Analytic continuation via hand made parametrizations is a shaky business.

Quite apart from that, dispersive methods are needed if high accuracy is required.
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Outlook

There is considerable progress in extending χPT to the sector withNB = 1, as well
as to nuclei, whereNB = 2,3 . . .

The masses of the baryon octet can now be calculated on the lattice.

In particular, the σ term has been worked out by several groups (numbers in MeV):

Gasser et al. QCDSF Dürr et al. Horsley et al. Semke & Lutz

σπN ≃ 45 38± 12 39± 4
+18
−7 31± 3± 4 32± 2

The lattice results for y are remarkably small
y ≡ 2〈p|ss|p〉
〈p|uu+ dd|p〉

Some of the recent πN phase shift analyses came up with σ ≥ 70 MeV.
What went wrong ?

Effective theory for heavy quark bound states.

Mesons with a heavy and a light quark.

Extension from QCD to QCD + QED...
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Thank you for your patience
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