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I. Standard Model at low energies

1. Interactions

strong weak e.m. gravity
SU(3) x SU(2) x U(1) x D

Gravity

understood only at classical level
gravitational waves Vv

quantum theory of gravity 7
classical theory adequate for

GF
r o> —3:1.6-10_35m
C

Weak interaction
frozen at low energies

E < My c? ~ 80 GeV

— structure of matter: only strong and
electromagnetic interaction

= neutrini decouple



Electromagnetic interaction

Maxwell ~ 1860
survived relativity and quantum theory, unharmed

e Electrons in electromagnetic field (h =c=1)

10y 1 S

—— — V A — =0

-~ 5y ng( +ieA)Y —epy
contains the potentials /Y, %)

. . 0A LS
e ONly E=—Vg&—§ and B=Vx A

are of physical significance

e Schrodinger equation is invariant under gauge
transformations
of

A'=A4Vf, ¢'=p-——, o'=e"ly

describe the same physical situation as /Y,go,w



e Equivalence principle of the e.m. interaction:

b physically equivalent to e~/

e e/ is unitary 1 x 1 matrix, e~ ¢ U(1)
f = f(Z,t) space-time dependent function

e gauge invariance <= local U(1) symmetry
electromagnetic field is gauge field of U(1)
Weyl 1929

e U(1) symmetry 4+ renormalizability
fully determine the e.m. interaction



Strong interaction
nuclei = p + n ~ 1930

Nuclear forces
Yukawa ~ 1935

% e” % he
= — = —— e
e 4rr ° A7y
2 1 h2
. ~ o ~13
4 137 4
long range short range
h
TQ = 0O ro = =1.4-10Pm
M~c
My =0 My ¢? ~ 140 MeV

Problem with Yukawa formula:

P and n are extended objects
diameter comparable to range of force
formula only holds for r > diameter



e Protons, neutrons composed of quarks

P = uud N = udd
e Quarks carry internal quantum number
u1 dq
u = | uo d=|d>
u3 d3

occur in 3 “colours”

e Strong interaction is invariant under
local rotations in colour space 1973

uw' =U-u d'=U-d

U1 Uiz Uiz
U=| Uy Ux Uzz|eSU(3)
Uz1 Uszx Uszsz

e Can only be so if the strong interaction
IS also mediated by a gauge field

gauge field of SU(3) — strong interaction

Quantum chromodynamics



Comparison of e.m. and strong interaction

QED QCD
symmetry U(l) SU(3)
gauge field A, o | gluon field
particles photons gluons
source charge colour
oot | e | o

e All charged particles generate e.m. field
e All coloured particles generate gluon field

e Leptons do not interact strongly
because they do not carry colour

e Equivalence principle of the strong interaction:

u1 u1
U-| ur> | physically equivalent to | uo
U3 u3z
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2. QED+QCD
Effective theory for E < Myc? ~ 80 GeV

Symmetry U(1l) xSU(3)
Lagrangian QED4+QCD
e Dynamical variables:

gauge fields for photons and gluons
Fermi fields for leptons and quarks

e Interaction fully determined by group geometry
LLagrangian contains 2 coupling constants

¢ g

e Quark and lepton mass matrices can be brought
to diagonal form, eigenvalues real, positive

Me, My, ™My, My, Mg, Mg, Mc, My, T

e Transformation generates vacuum angle

v
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e Precision theory for cold matter,
atomic structure, solids, ...

47

e2 me

Bohr radius: a =

e O breaks CP
Neutron dipole moment is very small

= strong upper limit, 6 ~ 0O

12



Qualitative difference between
e.m. and strong interactions

e Photons do not have charge
e Gluons do have colour
X1+ Xo = Xo-Xq fOr x1, Xxo € U(1) abelian
X1+ Xo 7= Xo - X1 for x1, Xo € SU(3)
= Consequence for vacuum polarization

QED QCD
Density of charge Density of colour

bare positron bare red quark

cloud of gluons is red

r
cloud of electrons cloud of quarks
and positrons and antiquarks
e < €pare g > gbare
vacuum vacuum

shields charge amplifies colour
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Comparison with gravity

e source of gravitational field: energy
gravitational field does carry energy
e source of e.m. field: charge

e.m. field does not carry charge

e source of gluon field: colour

gluon field does carry colour

gravity strong interaction
planet feels u quark feels
less than total less than total
energy of the sun colour of u
u

O =

sun

Perihelion shift of Mercury:

43" = 50" — 7" per century
1
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e Force between v and u :

Ve = —= —, g—>0 for r— 0

4r  (11Ne—2Np)|In(r Aqco)|

[In(r Aqcp)| ~7 for r = ~2.10"1%m

7 C
e Vacuum amplifies gluonic field of a bare quark
e Field energy surrounding isolated quark = oo
Only colour neutral states have finite energy
= Confinement of colour

e [ heoretical evidence for confinement meagre
Experimental evidence much more convincing

QED: interaction weak at low energies
QCD: interaction strong at low energies

e2 N 1 92 ~ 1

47 137 4
photons, leptons gluons, quarks
nearly decouple confined

e Nuclear forces = van der Waals forces of QCD
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3. Chiral symmetry

e Photons are extremely useful to probe QCD

Much of what we know about the structure of the hadrons stems
scattering experiments involving electrons or photons

e+ N — e+ N form factors of the nucleon
e+ N — e+ hadrons deep inelastic scattering

electroproduction, photoproduction

= several lectures and seminars at this school

16



e For bound states of quarks,

e.m. interaction is a small perturbation

2

Perturbation series in powers of Z— v
7T

Discuss only the leading term: set e =0

e Lagrangian then reduces to QCD

g, My ,Mqg, Mg, Mc, My, Tt

e my,mg, ms happen to be light

Consequence:
Approximate flavour symmetries
Play a crucial role for the low energy properties

17



Theoretical paradise

my = mg = ms =0

Mec — Myp — Mt — OO

QCD with 3 massless quarks

e Lagrangian contains a single parameter: g
g is net colour of a quark
depends on radius of the region considered

e Colour contained within radius r

92 21

47 9|In(r Aqco)|

e Intrinsic scale Aqcp is meaningful,
but not dimensionless

= NoO dimensionless free parameter

All dimensionless physical quantities are pure
numbers, determined by the theory
Cross sections can be expressed in terms of
Nqcp or in the mass of the proton

18



e Interactions of u, d, s are identical
If the masses are set equal to zero,
there is no difference at all

u
gq=1|d
S

e Lagrangian symmetric under u < d < s

g =V.q V e SU(3)

V' acts on quark flavour, mixes u, d, s

e More symmetry: For massless fermions,
right and left do not communicate

— Lagrangian of massless QCD is invariant under
independent rotations of the right— and left—
handed quark fields

¢r =351 +75)q, q =3(1—-75)q
Iz = Vi 4k q =V q
SU(3), x SU(3),

19



e Massless QCD invariant under SU(3).xSU(3),

SU(3) has 8 parameters
= Symmetry under Lie group with 16 parameters

— 16 conserved “charges”
V,...,Q¥% (vector currents, R+ L)
%, ...,Qg (axial currents, R— L)

commute with the Hamiltonian:
[Q}, Hyl =0 [Q7, Hyl =0
“Chiral symmetry” of massless QCD

e Vafa and Witten 1984: state of lowest energy
IS invariant under the vector charges

Q;10) =0

e Axial charges ? Q#]0) =7

20



Two alternatives for axial charges

QA10) =0

Wigner-Weyl realization of G
ground state is symmetric

(Olgrq_10) =0
ordinary symmetry
spectrum contains parity partners
degenerate multiplets of G

QM10) # 0

Nambu-Goldstone realization of G
ground state is asymmetric

(Olgrq_|0) #0
“order parameter”
spontaneously broken symmetry
spectrum contains Nambu-Goldstone bosons
degenerate multiplets of SU(3), C G

G = SU(3). x SU(3),

21




e Spontaneous symmetry breakdown was
discovered in condensed matter physics:

Spontaneous magnetization selects direction
— Rotation symmetry is spontaneously broken
Nambu-Goldstone bosons = spin waves, magnons

e Nambu 1960: state of lowest energy in particle
physics is not invariant under chiral rotations

Q;[0) # 0

For dynamical reasons, the state of
lowest energy must be asymmetric

= Chiral symmetry is spontaneously broken
e Very strong experimental evidence v

e [ heoretical understanding on the basis
of the QCD Lagrangian ?

22



e Analog of Magnetization 7
UR UL d_R UL SRUL

grRqL = | urd. drd. SrdL
UR SL d_R SL SR SL

Transforms like (3,3) under SU(3)r x SU(3),

If the ground state were symmetric, the matrix
(O|grqL |0) would have to vanish, because it
singles out a direction in flavour space

“quark condensate’, is quantitative measure
of spontaneous symmetry breaking
“order parameter”

(0|gr qL |0) < magnetization
e Ground state is invariant under SU(3)v
= (0|qr qL |0) is proportional to unit matrix
(O|wr uL |0) = (O|dr dL |0) = (0| 5k s.|0)
(Olard [0) =...=0
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4. Goldstone T heorem

e Consequence of Q7|0) # 0 :

Hqu;A 0) = Qz'AHo 0) =20
spectrum must contain 8 states
Q§|O), e Q§|O> with E =0,

spin 0, negative parity, octet of SU(3)y
Nambu-Goldstone bosons

e Argument is not water tight:
(01QFQRI10) = [d%d% (0] AD(x) AY(y) |0)
(0] A9 () A,g(y) |0) only depends on & — ¥

= (0] Q;* Q4 10) is proportional to the
volume of the universe, |Q}|0)] = oo

24



e Rigorous version of Goldstone theorem:
(0|gr qL |0) 7= 0 = 3 massless particles

Proof fasten seatbelts: takes 3 slides
Q= /d3x67075d
[Q,dvsu] = —uu — dd
o Fi(z —y) = (0|a(z)y"ysd(x) d(y)vsu(y) |0)

Lorentz invariance = FH(z) = z1f(22)
Chiral symmetry = 90,F*(z) =0

M

Pi(z) =

x constant (for z2 # 0)
e Spectral decomposition:
FH(z —y) = (0]u(z)v*vsd(z) d(y)vsu(y) |0)

= > (0lar"ysd|n)(n| dysu|0) e~ Pn(# V)
n

pY >0 = FH(z) is analytic in 20 for Imz2°% < 0

T 2
FHr(z) = [0 iz _ 7212 x constant
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e Positive frequency part of massless propagator:
(exercise # 1)

i dp —ip2
(2m)3 ) 2p9 |
. 1
CAri{(20 —ie)2 — 22}

AT(z,0)= p° = |7

e Result

(0|u(z) v vysd(x) d(y)vsuly) |0) = C O*LAT(z,0)
e Compare Kallen—Lehmann representation:

(O|u(z)yysd(z) d(y)vsu(y) |0)

= (2m)73 [dlpp p(p?)e )

= /Ooods p(S)aﬂA+(CU — Y, S)

At (z,s) <= massive propagator

1 .
NI =—/d49 0y §(p? — s) e P>
(z,8) (23 pO(p~)d(p )
= Only massless intermedate states contribute:

p(s) = C'6(s)
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e Why only massless intermediate states ?
(n|dysu|0) % 0 only if (n| has spin 0
If |n) has spin 0 = (O]u(z)y*ysd(x)|n) o pt e P*
Ou(untvsd) =0 = p* =
= Either 4 massless particles or C =0
e Claim: (O|grqL|0) #0 = C #0
LLorentz invariance, chiral symmetry
= <0|d_(y)vsu(y)ﬂ(w)v_“vsd(w) 0) = C"OFA(2)
= (O] [u(z) v y5d(x), d(y)ys5u(y)]|0)
= COHNH(2,0) — C'OF (2, 0)
e Causality: if x — y is spacelike, then
(O] [a(z) v y5d(x), d(y)vsu(y)]|0) =0

= (C'=-C
= (0| [u(x)y*ys5d(x), d(y)ysu(y)] |0) = COFA(z,0)

= (0] [Q, d(y)ysu(y)]|0) = C

¢ (0[Q, d(y)vsu(y)]|0) = —(O|uu +dd|0) = C
Hence (O|uu 4 dd |0) %= 0 implies C #= 0 ged.
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5. Gell-Mann-Oakes-Renner relation

Spectrum of QCD with 3 massless quarks must
contain 8 massless physical particles, JP =0-

e Indeed, the 8 lightest mesons do have these
quantum numbers:

7T+,7TO,7T_,K+,KO,I_(O,K_,77
But massless they are not, because
My, Mg, Ms 7= 0
Quark masses break chiral symmetry

e Chiral symmetry broken in two ways:
spontaneously (Olgr g, 10) #0O

explicitly My, Mg, Ms 7= 0

28



e Hqcp only has approximate symmetry, to the
extent that my, mg, ms are small

HQCD — HO _l_ Hl
H, = /d35c {myuu + mydd + msss}

e H, is Hamiltonian of the massless theory,
invariant under SU(3)rxSU(3)L

e H, breaks the symmetry,
transforms with (3,3) @ (3, 3)

e For the low energy structure of QCD, the
heavy quarks do not play an essential role:
c,b,t are singlets under SU(3)rxSU(3).
Can include the heavy quarks in H,

e Nambu-Goldstone bosons are massless only if
the symmetry is exact

29



Gell-Mann-Oakes-Renner formula:

1
2

T

Mz = (my 4+ mg) x [(O|uu|0)] X

T T

explicit spontaneous

1968

Coefficient: decay constant F;
o Why M2 o (my +myg) ?
(0| a(z)y*ysd(e)|n ™) =iV/2 Fr phe” P2
(0]a(x) i y5d(x)|m ™) =2 Gre~PT
e Current conservation
Op(uytysd) = (mu + mg)uivysd
— V/2Fy p? = (my + my) V2Gx

p° =Mz
2 Gr
= | Mz = (my + my) o exact
T

e Expand in powers of my, my:

%zB—I—O(m)

= M2 = (my + my) B+ O(m?)
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o M2 = (my+myg) B+ O(m?)

e M, disappears if the symmetry breaking
is turned off, my,my — 0 V

e EXplains why the pseudoscalar mesons
have very different masses

Mfz(_l_ = (my + ms) B4+ O(m?)
M[%_ = (my + ms) B+ O(m?)

= MIQ( IS about 13 times larger than M%, because
may, mg happen to be small compared to ms

e First order perturbation theory also yields
M% = % (my +myg+ 4ms)B + O(m?)
= MZ — 4M§ + 3M7? = O(m?)
Gell-Mann-Okubo formula for M2 V
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Checking the GMOR formula on a lattice

e Can determine M, as function of my=mg=m

0.08

(amp)*t

0.06

0.04

0.02

294

M B76 MeV ¢~

484

381

7

Luscher, Lattice conference 2005

0.01 0.02

L | I
0.03am

0.08

0.06

0.04

0.02

| LI R | T
B 2 fit to 5 points ------
[ (amps) fit to 4 points ‘
(ap) 1
L I L L L I L L L I L L 1 I 1
0 0.004 0.008 0.012 0.016

ETM collaboration, hep-lat/0701012

e NO quenching, quark masses sufficiently light

= Legitimate to use XPT for the extrapolation to
the physical values of my,my
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e Quality of data is impressive

e Proportionality of M% to the quark mass ap-
pears to hold out to values of my,my that are
an order of magnitude larger than in nature

e Main limitation: systematic uncertainties

in particular: Nf =2 — Nf =3
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II. Chiral perturbation theory

6. Group geometry

e QCD with 3 massless quarks:
spontaneous symmetry breakdown
from SU(3)RXSU(3)|_ to SU(3)\/
generates 8 Nambu-Goldstone bosons

e Generalization: suppose symmetry group
of Hamiltonian is Lie group G
Generators Q1,Q>,...,Qp, D = dim(G)
For some generators Q;|0) =0
How many Nambu-Goldstone bosons 7

e Consider those elements of the Lie algebra
Q=a1Q1+ ...+ an@Qp, for which Q|0) =0
T hese elements form a subalgebra:
Q0)=0,Q'[0) =0 =[Q,Q1|0) =0
Dimension of subalgebra: d < D

e Of the D vectors Q;|0)

D — d are linearly independent
= D — d different physical states of zero mass
= D — d Nambu-Goldstone bosons
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e Subalgebra generates subgroup HC G
H is symmetry group of the ground state
coset space G/H contains as many parameters
as there are Nambu-Goldstone bosons

d=dm(H), D =dim(G)
= Nambu-Goldstone bosons live on the coset
G/H
e Example: QCD with Nf massless quarks
H = SU(Nf)\/
D=2(N]%—1), d:N]%—l
N]? — 1 Nambu-Goldstone bosons

e It so happens that mg, my < ms

e myu; = my = 0 is an excellent approximation

SU(2)rx SU(2). is a nearly exact symmetry
Ny =2, N]? — 1 = 3 Nambu-Goldstone bosons

(pions)
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7. Generating functional of QCD

e Basic objects for quantitative analysis of QCD:
Green functions of the currents

Vgizi?VM%Aaqa-Ag::ﬂ§7ﬂ75%Aaqa
Sa=q3Maq, Pa=qiv55Maq
Include singlets, with \, = 4/2/3 x 1, as well as

— gl
w 167-(-2 tcl’ G,LLI/G

e Can collect all of the Green functions formed
with these operators in a generating functional:
Perturb the system with external fields

vﬁ(m),aﬁ(m),sa(x),pa(m),e(m)
Replace the Lagrangian of the massless theory

1 _ . .
L, = —2—92 tcr GuGH” +qivP(0u —iGu) q
by L =L, + L,

L, =v, Vi +a Al — s%Sq — p" P — 0w

e Quark mass terms are included in the external
field sq(x)
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e |0in): system is in ground state for 20 — —co

Probability amplitude for finding ground state
when 29 — +oo:

eZSQCD{,U7a’7S7p79} f— <O Out|0 |n>
U7a787p79
e Expressed in terms of ground state of £;:

ez’SQCD{v,a,S,p,@} — <0| T exp i/d:vﬁl |O>

e Expansion of Sqcpqwv,a,s,p,0} in powers of the
external fields vields the connected parts of
the Green functions of the massless theory

SQCD{U7 a,s,p, 9} — - /dx Sa(.CU)<O| Sa(x) |O>
+5 [dedy af,(2)al(y) (0] TAL (@) A} () [O)comn + - -

e Sqcpqwv,a,s,p,0} is referred to as the
generating functional of QCD

e For Green functions of full QCD, set

sa(x) = mg 4+ Sa(x), mg=1trAgm

and expand around 54(x) =0
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e Path integral representation for generating
functional:

coqcpiv.a,s,p} — J\/'/[dG] o)Az LG deot D

1 0
- Qv

D = iv"{0y — i(Gp + vu +apys)} — s — iysp

672 tcr G'LWGILW

G i1s matrix in colour space
vu, au, S, p are matrices in flavour space

vu(x) = %)\a vy (x), etc.
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8. Ward identities

Symmetry in terms of Green functions

e Lagrangian is invariant under

qr(z) — Vr(z) qr(z), qL(z) — Vi(z)qL(x)
Vr(z), VL(x) € U(3)

provided the external fields are transformed with
vl + aby = Ve vy + ap) Ve — i8u VeVl
’U:L — a’M=V|_(’UM — aM)VL]L — i@MVLV,_T
S+ i =Ve(s +ip)V
The operation takes the Dirac operator into
D'={P Ve + PyVi} D{PLVi + PV}
Pr=2(1=+1s)
e det D requires regularization
A symmetric regularization

— det D/ = det D, only |det D'| = |det D |

symmetry does not survive quantization
39



e Change in det D can explicitly be calculated
For an infinitesimal transformation
Vr=14+1a+6+..., Vi=1412a—1i04...
the change in the determinant is given by

det D' = det D e~ tJdz {2(B)w+(5%2)}

(Ay =trA

w= el G GHY gluons
Ne oo .
T

e Consequence for generating functional:
The term with w amounts to a change in 6,
can be compensated by ¢/ =0 — 2 (3)
Pull term with (8<2) outside the path integral

= SQCD{Ula CL,, Slapla 9,} — SQCD{U7 a,s,p, 0} —/d$<ﬁQ>
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SQCD{U,a ala 3,7 p,a 9/} — SQCD{Ua a, s, p, 9} —/d33<ﬁQ>

e Sqcp is invariant under U(3)rxU(3)L, except
for a specific change due to the anomalies

e Relation plays key role in low energy analysis:
collects all of the Ward identities
For the octet part of the axial current,e.q.

0%(0| TAK(z) Py(y) |0) = —2i6(x — y){0|g{Aas Ay }q |O)
+ (0| Tq(z) ivs{m, 3 a}q(z) Py(y) |O)

e Symmetry of the generating functional implies
the operator relations

6MVa“=c7i[m,l)\a]q, a=20,...,8
Ou AL =qivs{m, %)\a}q, a=1,...,8
OuAp = \/%cjmggmq +V6w

e Textbook derivation of the Ward identities

goes in inverse direction, but is slippery
formal manipulations, anomalies 7
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9. Low energy expansion

e If the spectrum has an energy gap

— NO Singularities in scattering amplitudes
or Green functions near p =0

= |low energy behaviour may be analyzed with
Taylor series expansion in powers of p

f)=1+3(r?)t+... form factor
T(p)=a+ bp® + ... scattering amplitude

Cross section dominated by (o >
S—wave scattering length aQ ~ @

: . P momentum

e ExXpansion parameter: =

m energy gap

e Taylor series only works if the spectrum
has an energy gap, i.e. if there are

NO Mmassless particles
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e Illustration: Coulomb scattering

Scattering amplitude does not admit
Taylor series expansion in powers of p

e QCD does have an energy gap
but the gap is very small: M;

= Taylor series has very small radius of
convergence, useful only for p < Mx
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e Massless QCD contains infrared singularities
due to the Nambu-Goldstone bosons

e For my, = my; = 0, pion exchange gives rise to
poles and branch points at p =20

— Low energy expansion is not a Taylor series,
contains logarithms

Singularities due to Nambu-Goldstone bosons can
be worked out with an effective field theory
Chiral Perturbation Theory

Weinberg, Dashen, Pagels, Gasser, ...

e Chiral perturbation theory correctly reproduces
the infrared singularities of QCD

e Quantities of interest are expanded in powers
of external momenta and quark masses

e EXpansion has been worked out to
next-to-leading order for many quantities
"Chiral perturbation theory to one loop”

e In quite a few cases, the next-to-next-to-leading

order is also known
44



e Properties of the Nambu-Goldstone bosons are
governed by the hidden symmetry that
IS responsible for their occurrence

e Focus on the singularities due to the pions
HQCD — HO _I_ Hl
H, = /d3ac {myuu + mydd}
H, is invariant under G = SU(2)g x SU(2),
|0) is invariant under H = SU(2),,
mass term of strange quark is included in H

e Treat H, as a perturbation

Expansion in Expansion in

<—
powers of H, powers of my, my

e Extension to SU(3)z x SU(3), straightforward:
include singularities due to exchange of K,n

45



10. Effective Lagrangian

e Replace quarks and gluons by pions
7(z) = {nl(x), m%(z), 73 (x)}

Laco = Leff
e Central claim:

A. Effective theory yields alternative
representation for generating functional of QCD

ciSqcp{via.s.p.0} — Neff/[dﬁ]eifdxﬁeﬁ{ﬁ,v,a,s,pﬁ}

B. L. has the same symmetries as Lqcp

e Lagrangian of QCD is invariant under

gr(z) — Vr(z) qr(z) ,  q.(z) — Vi(2z) ()
Vr(z), ViL(x) € U(3)
provided the external fields are transformed with
vl + aby=Ve(up + ap) Vel — i8u VeV
’U'L — a,;L=V|_(vM — a,M)VL]L — i@MVLVLT
s +ip =Vr(s +ip)W!
e Sqcpqwv,a,s,p,0} invariant modulo anomalies
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Action of the symmetry on the meson field:
U'=Ve-U-V]
Legr also invariant modulo anomalies:

‘C’eff{U,? UI) Cl,/, 8,7 pla 9,} — 'Ceff{Ua v,a,s,p, 9} (*)

11. Explicit construction of L

Construct the general solution of (x)
e First ignore the external fields,
Lofr = Leogp(U,0U,0°U, ...
Order in the number of derivatives

e Symmetry fixes leading term up to a constant:

2
Lo = FTtr((‘?MU(‘?”UT) +00h
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2
Lefy = FTtr((‘?MU(‘)“UT) +0(p")

e Lagrangian of the nonlinear o-model

e Expansion in powers of 7:

U=expi - F=14if -7—57°+...

2 . 2
= Lefr = % Oyt - OHT + Z—8tr{[8u7r, ] [OFm, w4 ...

For the kinetic term to have the standard
normalization: rescale the pion field, # — 7/ F

Legp = 5 Opft- M7+ = tr{[Opm, 7] [0Fm, 7]} 4. ..

= a. Symmetry requires the pions to interact
b. Derivative coupling: Nambu-Goldstone bosons
only interact if their momentum does not

vanish = Mr4
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e EXxpression given for /Lef only holds if the ex-
ternal fields are turned off. Also, tr(9,U0*UT)
IS invariant only under global transformations

Suffices to replace o0 ,U by
DU = 0,U —i(vy + ap)U +iU(vy — ap)

In contrast to tr(9,Ud0*UT), the term tr(D,UDHUT)
is invariant under local SU(2)rx SU(2).

e Can construct further invariants: s+ p
transforms like U = tr{(s 4+ ip)UT} is invariant
Violates parity, but tr{(s+ip)UT}4+tr{(s—ip)U}

—

is even under p —» —p, T — —7

In addition, d invariant independent of U':
D,;,6DH0, with D,0 = 0,0 + 2tr(ayu)

e Count the external fields as
9 — O(1>7 UM) a’,u — O(p)7 S, P — O(p2>
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e Derivative expansion yields string of the form
Lojp =L+ 4 £06) 4

e Full expression for leading term:

2
£(2) = - (D UDMUY + xUT 4+ Ux') 4+ hoD,6 D6

Xx=2B(s+ip), (X)=tr(X)

e Contains 3 constants: F, B, hg
“effective coupling constants”
"low energy constants’, LEC

e Next-to-leading order:

¢ ¢
£ :Zl<DMUD“U>2 + Z2<DMUDVU)<D“UD”U)

€3, 4 la
‘|‘4<XU + Ux")? T2

+...

e Number of effective coupling constants rapidly
grows with the order of the expansion

(D, xD*UT + D, U DHT)
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e Infinitely many effective coupling constants
Symmetry does not determine these
Predictivity ?

e Essential point: If Ceff IS known to given order
= can work out low energy expansion of the
Green functions to that order (Weinberg 1979)

e NLO expressions for Fr, M, involve 2 new
coupling constants: /43,44.

In the wm scattering amplitude, two further
coupling constants enter at NLO: /44, /5.

e Note: effective theory is a quantum field theory
Need to perform the path integral

ciSqcp{v,a,s,p,0} — Neff/[dﬁ]eifdwﬁeﬁ{ﬁ,v,a,s,pﬁ}
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e Classical theory < tree graphs
Need to include graphs with loops

e Power counting in dimensional regularization:
Graphs with ¢ loops are suppressed by factor
p% as compared to tree graphs

— Leading contributions given by tree graphs
Graphs with one loop contribute at next-to-
leading order, etc.

e The leading contribution to Sqcp is given by
the sum of all tree graphs = classical action:

Saco{v, a, s, p, 0} = extremum [dz L.{U, v, a,s,p, 0}
U(x)

52



ITII. Illustrations

12. Some tree level calculations

A. Extracting the quark condensate from
the generating functional

e [0 calculate the quark condensate of the mass-
less theory, it suffices to consider the generat-
ing functional for v =a =p =60 = 0 and to
take a constant scalar external field

s — moyy O
L0 my
e Expansion in powers of m, and m, treats

H, = /d3:c {mytu 4+ mydd} as a perturbation

Sacp{0,0,m, 0,0} = S3cp + Sacp + - - -
° 58CD IS independent of the quark masses
(cosmological constant)

e S3cp is linear in the quark masses
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e First order in my, my = expectation value of
H, in unperturbed ground state is relevant

SéCD = —/d:c<0| mytu + mgdd|0)

= (O|uw|0) and (0|dd|0) are the coefficients of
the terms in Sqcp that are linear in my and my

B. Condensate in terms of effective theory

e Need the effective actionforv=a=p=60 =0
to first order in s

= classical level of effective theory suffices.
e extremum of the classical action: U =1
SCI)CD =/da:F2B(mu + my)
e comparison with

s&p = —/da;(0| mutiu 4+ mgdd|0) yields

(O|ww |0) = (0]dd|0) = —F2B (1)
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C. Evaluation of M. at tree level

e In classical theory, the square of the mass is
the coefficient of the term in the Lagrangian
that is quadratic in the meson field:

F? F?B
U+ UXT) = ——=(mU" + U))
2 7 2
Hence M? = (my + my)B (2)

e [Tree level result for Fi:
Fr=F (3)
e (1) + (2) + (3) = GMOR relation:

> _ (mu+my) |{0]uu |0)]
M2 = 2
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13. M, beyond tree level

e The formula M2 = (my + my)B only holds at
tree level, represents leading term in expansion
of M2 in powers of my, my

e Disregard isospin breaking: set my = myg =m
A. M, to 1 loop

e Claim: at next-to-leading order, the expansion
of M2 in powers of m contains a logarithm:
1 M N2
MZ=M?*-> > In-3+4+0(M°
m 2 (4rF)2  M?2 + O
M? = 2mB

e Proof: Pion mass < pole position, for instance
in the Fourier transform of <O|TAg(a:)Ag(y) |0)

Suffices to work out the perturbation series for
this object to one loop of the effective theory
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e Result (exercise # 5):

203M*  M? 1 5 6
A0, M)+ 0O(M
2t s A0, MA) +O(MO)
A(0, M?) is the propagator at the origin
(exercise # 2):

M? = M?*+

1 d%
(27)d /M2 — p2 — g€
=i (4r)" Y2 (1 — d/2)MI2

A0, M?) =

e Contains a pole at d = 4:
2
Mr1—-d/2)= ——+4+...
(1-dj2)=—"7+

e Divergent part is proportional to M?2:
Md_QzMQILLd_4(M//.L)d_4 — leud—4€(d—4) |n(M/,LL)
=M1+ (d—4)In(M/p) + ...}
e Denote the singular factor by

=~ (am) "2 (1~ d/2) =

d—4
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e [ he propagator at the origin then becomes

2
E,A(O,M?)zM2 {2)\—|— ! In%—I—O(d 4)}
1 1672 p?

e In the expression for M2

2 (3 M4 LM M2 1
F? 2F2

the divergence can be absorbed in /3:

1
£ — __)\ gren
3 > +

M? = M?+ “A0, M2 +0(M®)

o (I depends on the renormalization scale pu

1 ,u2
05" = In running coupling constant
> T 64r2 A2 9 FOHPINg
e A3 is the ren. group invariant scale of /3

Net result for M2

V2 — 2 1 M4

/\
: 5 47TF>2 3 S+ O(M°)

— M2 contains a chiral logarithm at NLO



e Crude estimate for Az, based on SU(3) mass
formulae for the pseudoscalar octet:

0.2 GeV < A3 < 2 GeV

_ A2

f = In ~3 = 29+24 Gasser, L. 1984
M2

3 better determination ¢3 on the lattice, to be discussed later
— Next—to—leading term is small correction:

OOO5<1 M2 In /\2<004
2 (4nFr)2 M2

e Scale of the expansion is set by size of
pion mMass in units of decay constant:
M2 MZ

(4nF)2  (4nFr)?

= 0.0144
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B. M, to 2 loops

e Terms of order m3

quark:
V2 12 1 M* I/\3
T 2 (47F)2 M?Z2
17 MO A
In M kmMO + O(M®
18 (47TF)4< M2> + EmME + OGM)

F' is pion decay constant for my =my4 =20
ChPT to two loops Colangelo 1995

e Coefficients & 5 and determmed by symmetry

e N\3,Am and km < coupling constants in ,Ceff
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14. F; to one loop

e Also contains a logarithm at NLO:

M? M? 4
Fr=F{1— In O(M
" { 1672 F2 /\42Jr ( )}
2 32 > M 4
MzZ=M=*{1 In O(M
8 { HET T /\32Jr ( )}

F' is pion decay constant in limit my,mg — O

e Structure is the same, coefficients and scale of
logarithm are different
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15. Pion form factors

e Scalar form factor of the pion:

Fs(t) = (r()|qq|m(®)) , t= (@ —p)?
e Definition of scalar radius:

Fu(t) = Fu(0) {1 n é(r2>s E+ 0(t2)}

e LOow energy theorem:
6 N7 13
2 2
r<) = ———=11In O(M
< >8 (47rF)2{ M2 12 +0( )}
= In massless QCD, the scalar radius diverges,
because the density of the pion cloud only de-
creases with a power of the distance
e Same infrared singularity also occurs in the
charge radius (e.m. current), but coefficient
of the chiral logarithm is 6 times smaller:
6 N7 13
2 2
= ——<In—%—-——4+0(M
s (47TF)2{ o T )}

M2
o _ 1 NG 2
(r >€m_Wr—F)2{InW_1+O(M )}

= (r?), > (r?) if M small enough
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e (r?) can be determined experimentally
em

(r?) = 0.439 + 0.008 fm?
em
NA7 Collaboration, NP B277 (1986) 168

e Scalar form factor of the pion can be calculated
by means of dispersion theory

e Result for the slope:

(r®). = 0.61£0.04fm?

Colangelo, Gasser, L., Nucl. Phys. 2001

= Corresponding value of the scale Ag:

Ag = 1.26 +0.14 GeV
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16. Lattice results for M, F;

A. Results for M

Determine the scale A3 by comparing the
lattice results for M, as function of m with
the XPT formula

1 M* NZ

M2 =M?—-=_ " _ In——I—O(M6)
2
2 (47 F)
M? = 2Bm
0 1 2 3 4 5 6
I T I I I I I
» HlH PACS-CS 08
z H— RBC/UKQCD 08
ETM 07 08A lattice results for 73
N ——H JLQCD/TWQCD 08A
z o ETM 08B
—— CERN-TOV 07
@ | GL 84
| | | | | | |

2

Horizontal axis shows the value of /3 = In M?’Q

Range for Az obtained in 1984 corresponds to /3 =2.9+ 2.4

Result of RBC/UKQCD 2008: /3 =3.13+£0.33+0.24

stat syst
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B. Results for F

M? M?
F.=F{1— In O(M*
" { 1672 F2 /\42Jr ( )}

T T T T T
o - PACS-CS 08
1,
z — - RBC/UKQCD 08
JLQCD/TWQCD 09
o —O—i ETM 07, 08A
i,
z H—O—— JLQCD/TWQCD 08A
HOH ETM 08B
Heo— CGL 01
® | GL 84
! ! ! ! !

1 1 1 1 1 1
25 3 35 4 45 5
2

Horizontal axis shows the value of /4 = In F‘;

T

e Lattice results beautifully confirm the predic-
tion for the sensitivity of Fr to my, my:

F
Fﬂ — 1.072 £ 0.007 Colangelo, Diirr 2004
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17. wm scattering

A. Low energy scattering of pions
e Consider scattering of pions with p =20

e At ¥ = 0, only the S-waves survive (angular
momentum barrier). Moreover, these reduce
to the scattering lengths

e Bose statistics: S-waves cannot have I = 1,
either have I =0 or I =2

= At p = 0, the n scattering amplitude is
characterized by two constants: a8, a3

e Chiral symmetry suppresses the interaction at
low energy: Nambu-Goldstone bosons of zero

momentum do not interact
= a3,a3 disappear in the limit my, mg — 0

= al,a3 ~ M2 measure symmetry breaking
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B. Tree level of XPT

e Low Energy theorem Weinberg 1966:

7M?2
0 | A [4
p—
0 327TF2 ( )
M2
2 4
—_ + O(M:
“0 167 F?2 (Mz)

= Chiral symmetry predicts a8, a3 in terms of Fx

e Accuracy is limited: Low energy theorem
only specifies the first term in the expansion
in powers of the quark masses
Corrections from higher orders 7
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C. Scattering lengths at 1 loop
e Next term in the chiral perturbation series:
7M?2 9 M2 A
1
327 F2 2 (4nFr )2

al -+OUWﬁ}

e Coefficient of chiral logarithm unusually large
Strong, attractive final state interaction

e Scale Ag is determined by the coupling
constants of £(4)

eff

9 A2 20- 40 -

~In / —%—"—ﬁ 20, + =

2 M2 =51t o2 3+ 4+
e Information about 671, e 574 ?

- = momentum dependence

71,0 | .

of scattering amplitude

— Can be determined phenomenologically

- = dependence of scattering
l3,0p < _
amplitude on quark masses

Have discussed their values already
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D. Numerical predictions from

-0.03

-0.04
2 1983 1996
a 1966
0O | .
-0.05— —
= Universal Band
e tree, one loop, two loops
low energy theorem for scalar radius
006 — Colangelo, Gasser & L. 2001 _|

\ ! \ ! \ ! \ ! \ ! \
0.16 0.18 0.2 0.22 0.24 0.26

an

Sizable corrections in a8

a3 nearly stays put

XPT
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E. Consequence of lattice results for ¢3, ¢4

e Uncertainty in prediction for a,a3
nated by the uncertainty in the effective cou-

pling constants /3, 44

iIs domi-

e Can make use of the lattice results for these

-0.03 / .
-0.035

I T I
Universal Band
scalar radius
Colangelo, Gasser & Leutwyler
NPLQCD

CERN-TOV
— JLQCD
— ETM
— PACS-CS
| — RBC/UKQCD a
a2 -0.04 — MILC
0 Feng, Jansen & Renner
e
_—
-0.045 - —
-0.05— —
0.19 0.2 0.21 0.22 0.23
aO
0
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F. Experiments concerning a), a3

e Production experiments # N — nwn N,

Y — nw, B — Dnm, ...
Problem: pions are not produced in vacuo

— Extraction of nmw scattering amplitude is
not simple

Accuracy rather limited

o KT — rtneTv data:
CERN-Saclay, E865, NA48/2

o KT — 7TO7TO7T:|:, KO — 7070,0: CuUusp near
threshold, NA48/2

o 7T7~ atoms, DIRAC
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G. Results from K.4 decay
K* - rtn—ety
e Allows clean measurement of 53 — &1

Theory predicts 63 — 81 as function of energy

theoretical prediction 2001
20 ® CERN-Saclay 1977 isospin corrected
® EB865 2003 isospin corrected
L @ NA48/2 2006 isospin corrected
15 - ¢ |
0 1 10 + T _|
60 61

5 E s

0 f
_5 | gi | I | I | I | I | I

0.28 0.3 0.32 0.34 0.36 0.38 04

GeV

Prediction: a3 = 0.220 & 0.005

NA48/2: a8 = 0.2206 £0.00494+0.0018+ 0.0064
stat syst theo

Bloch-Devaux, Chiral Dynamics 2009
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e [ here was a discrepancy here, because a

pronounced isospin breaking effect from
K —79%0cr mnxtn—ev
had not been accounted for in the data analysis

Colangelo, Gasser, Rusetsky 2007, Bloch-Devaux 2007

\ ‘ \ ‘ \
theoretical prediction 2001
CERN-Saclay 1977

{
® EB865 2003
® NA48/2 2006

§ data not corrected for isospin breaking

_5 | I | I | I | I | I | I
0.28 0.3 0.32 0.34 0.36 0.38 0.4

GeV

e [ he correction is not enormous, but matters:
If a8 is determined from the uncorrected NA48
data, the central value comes out higher than
the theoretical prediction by about 4 times the
uncertainty attached to this prediction.
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H. Summary for a

-0.030

-0.035

-0.040

-0.045

-0.050

0 .2
0> @0

universal band

tree, one loop, two loops
scalar radius

CGL

MILC

NPLQCD

CERN

ETM

RBC/UKQCD

JLQCD

PACS-CS

Feng, Jansen & Renner
DIRAC

NA48 K3m

NA48 Ke4

" ® Weinberg 1966

0.16

0.17 0.8

-0.030

-0.035

-0.040

-0.045

-0.050
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18. Conclusions for SU(2)xSU(2)

e Expansion in powers of my,my yields a very
accurate low energy representation of QCD

e Lattice results confirm the GMOR relation

= M, is dominated by the contribution from the
quark condensate

= Energy gap of QCD is understood very well

e Lattice approach allows an accurate
measurement of the effective coupling constant
¢35 already now

e Even for /4, the lattice starts becoming
competitive with dispersion theory
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19. Expansion in powers of mg

e [ heoretical reasoning

The eightfold way is an approximate
symmetry

The only (?) way to understand this within
QCD: ms — mg, mg — my are small, can be
treated as perturbations

Since my,mg <K ms

= mg Can be treated as a perturbation

= Expect expansion in powers of mg to work,
but convergence to be comparatively slow

e [ his can now also be checked on the lattice
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e Consider the limit my, mg — 0, ms physical

e F'is value of Fr in this limit
o Bis value of M2/(my+my) in this limit
e X is value of [(O|uw |0)] in this limit

e Exact relation: ¥ = F?B

e [y, Bp,>: values for my = mg=ms =20

e N.— oo: F,B,2 become independent of mg
F/Fp—1, B/Bg—1, /35— 1

= The differences F/Fg—1, B/Bg—1, X/3>g—1
measure the violations of the OZI rule
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A. Condensate

2/

0
0.8 1 1.2 1.4 1.6 1.8
T T T T T
L i { MILC 2009
] PACS-CS 2008
- | RBC/UKQCD 2008
—— Kaiser 2005
@ i Bijnens & Dhonte 2003
® i Moussallam 2000
® i Gasser & L. 1985
0.8 1 1.2 1.4 1.6 1.8
~ = —(0]uu|0) L Yo=X
Moy, Mmg—0 ms—0

e PACS-CS indicates only modest OZI-violations
e MILC and RBC/UKQCD allow juicy violations

= T he lattice results do not yet allow to draw

conclusions about the size of the OZI-violations
in the quark condensate
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B. Results for B, F

B/B FIF

0 0
0.7 0.8 0.9 1.0 1.1 1.2 1.3 1 1.1 1.2 1.3
I e MILC 2009
. = PACS-CS 2008
- = RBC/UKQCD 2008
e Kaiser 2005
—— Bijnens & Dhonte 2003
i | Meissner & Oller 2001
—e— Moussallam 2000
. 1 Gasser & L. 1985
0.7 0.8 0.9 1.0 11 1.2 1.3 1 1.1 1.2 1.3

e F is the crucial factor in ¥ = F?2B

e Picture for size of OZI-violations in B, F
remains unclear

Main problem: systematic uncertainties
of the lattice calculations
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e If the central value F//Fy = 1.23 of RBC/UKQCD
were confirmed within small uncertainties, we
would be faced with a qualitative puzzle:

e Fr is the pion wave function at the origin

e F' is larger because one of the two valence
quarks is heavier — moves more slowly
— wave function more narrow — higher at
the origin: Fg/Fr ~1.19

o F/Fp = 1.23 indicates that the wave func-
tion is more sensitive to the mass of the
sea quarks than to the mass of the valence

quarks .. .very strange — most interesting
if true

e No such puzzle with the PACS-CS results
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C. Expansion to NLO

Involves the effective coupling constants L4
and Lg of the SU(3)xSU(3) Lagrangian:

8 M2

F/Fozl—l— F2 L4—|—X|Og—|—...
0

32 M2

Z/Zozl—l— L6—|—xlog—|—...
0]
16 M2
B/Bp=1+ FQK (2Lg — La) + xlog + ...
0]

M g is the kaon mass for my, = my = 0.

= The LECs Lg and Lg measure the deviations
from the OZI-rule
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D. Effective coupling constants Ly, L, Lg, Lg

MILC 09
PACS-CS 08
3 : ; : RBC/UKQCD 08 -3

MILC 06
! ! ! Kaiser 05

3, T ! | | MILC 04 ]

10L Y | Y Bijnens & Dhonte 03

2 — i i i Meissner & Oller 01 o

i i i ® Moussallam 00

® Gasser&L.85

4 5 6 i 8 6'L4 2L8'|-5
2 ! ! ! ! -2

Numerical values shown refer to running scale p = M,

= For PACS-CS, only the statistical errors are indicated

e L atest lattice results for the OZI-violating coupling constants L4
and Lg are consistent with one another

e Indicate that the OZI-rule is well obeyed: values are close to zero

e For Ls and Lg, the lattice results are less clear
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20. Conclusions for SU(3)xSU(3)

e T he crude estimates given 25 years ago for the
LECs relevant at NLO are confirmed

= Expansion in powers of ms appears to work:

In all cases I know, where the calculation is un-
der control, the truncation at low order yields
a decent approximation

= The picture looks coherent, also for SU(3)xSU(3)
e ms > my, my = higher orders more important
e FOr many observables 3 representation to NNLO

Bijnens and collaborators
e Main problem: new LECs relevant at NNLO
d estimates based on resonance models
Vector meson dominance /
Scalar meson dominance ¢
Dependence on my, mg, ms: SCalar resonances

e L attice results now start providing more precise
values for the LECs, but the settling of dust is
a slow process . ..
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IV. Some recent results

21. Masses of the light quarks

e YPT plays an important role in the analysis of
lattice data: describes the dependence of the
various observables on the quark masses and
on the size of the box in terms of a few LECs

60 80 100 120 140 160

I ! I [ I ! I
FLAG 10 (preliminary) / /
PACS-CS 09 =
HPQCD 09 |
MILC 09 /%-—1
PDG 09 A
PACS-CS 08
RBC/UKQCD 08
Dominguez et al. 08
CP-PACS/JLQCD 08
RBC 07
HPQCD 06 o
Chetyrkin & Khodbamlnan 06
QCDSF/UKQCD 06
Jamin et al. 06
Narison 06
Baikov et al.. 05
Gamiz et al. 05
Gorbunov & Pivovarov 05
Narison 05
MILC/HPQCD/UKQCD 03
CP-PACS 03
Becirevic et al. 03
Chiu & Hsieh 03
Gamiz et al. 03

Gasser & Leutwyler 82 }
Vainshtein et al.”78

Weinberg 77

Leutwyler 73

since 2003

il

early estimates

Okubo 69

Tomozawa 69 %/ / pre QCD
| | | L | | |

60 80 100 120 140 160

m_(2GeV)

ms(2GeV) =99+ 11 MeV FLAG 2010
(preliminary)
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Results for quark mass ratios

o
=]
N
I
S
o
o
=]
©
[

00 ' o s e
e | T HH\H HHHHK L.
", // e / // A m\HH I

| ; ///%/ ; -

% / :4 m 56 o”s/ / ilo % -

Phenomenology Lattice
Ms — 27.841.0 M — 0.474 + 0.040
mMayd my

FLAG 2010 (preliminary)

None of the lattice results is consistent with the " solu-
tion” m, = 0 of the strong CP problem
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Comparison
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= FLAG 10 (preliminary)
Q from n decay
LTI PACS-CS 09
Emm—— MILC 09
[ PACS-Cs 08
RBC/UKQCD 08
PDG 08
RBC 07
Bijnens & Ghorbani 07
Namekawa & Kikukawa 06
MILC 04
Nelson, Fleming & Kilcup 03

Gao, Yan & Li 97

Kaiser 97

Leutwyler 96 //
Schechter et al. 93

Donoghue, Holstein & Wyler 92

Gerard 90

Cline 89 0.8
Gasser and Leutwyler 82
Langacker & Pagels 79
Weinberg 77

Gasser & Leutwyler 75
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22. Vys and V4

e Experimental sources for Vs and V, -

superallowed nuclear @ transitions V,dl

K — wlv | f4+(0) Vus|
™ — b, T — TV \Va Frl
K — Vv, 7 — Kv | Vus F|
inclusive T decays | Vus|

e Vector current relevant for nuclear 3 decay is
conserved modulo my — my

= analog of f1(0) is very close to unity

|Vud| — 0.97425+0.00022 Hardy + Towner 2009

e Can determine Vys from K — wév only if f4 (0)
IS known. Early determinations were based on
xP T prediction for that

e Lattice calculations now provide reliable and
precise determination of f4 (0) = |Vis]

e Results for Fr, Fir do not yet reach sufficient
precision, but those for the ratio Fy/Fr do

V, MK /¢
— % can be determined from (K — tv)
Vaud (m — fv)

= can test the Standard Model:

?
|Vud|2 + |Vus|2 + |Vub|2 =1
|V.,,»| Known well enough, contribution is tiny
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e JTesting the Standard Model with the lattice
data alone

V|2 = |V,g|2 + |Vus|? + |Vip|2 = 1.002 + 0.016

e Lattice results for V,; are consistent with the
value obtained from nuclear 3-decay

= Test sharpens if the two are combined:

[Vu|?=1.0000 £ 0.0007  f4(0) + V4

Vu|?=0.9999 + 0.0007 Fi/Fr+ V,y

) 1
Lattice (-decay

= Can impose |V4]? = 1 as a constraint (SM)

| Vs | | Vi f+(0) fr/ fr
Lattice | 0.225(2) | 0.9743(4) | 0.960(8) | 1.193(11)

3 decay | 0.225(1) | 0.9743(2) | 0.960(5) | 1.192(6)

FLAG review 2010 (preliminary)
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e Direct determination of |Vys| from 7 decay:

Sort out the final states in the inclusive decay
T — v + hadrons:

=TI (r — v + strange hadrons) + rest
First term dominated by |Vys|2, rest by |V, |2

Gamiz, Jamin, Pich, Prades, Schwab
Maltman, Wolfe, Banerjee, Nugent, Roney
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Data on |Vys| and |V,,4| analyzed within the SM:

0.972

0.974 0.976 0.978

RBC/UKQCD 10
BMW 10
JLQCD/TWQCD 09B
MILC 09

MILC 09A

ALVdW 08
PACS-CS 08
HPQCD/UKQCD 08
RBC/UKQCD 08

RBC/UKQCD 07 :
NPLQCD 06
MILC 04

ETM 09

ETM 09A

ETM 07
QCDSF 07
QCDSF/UKQCD 07
RBC 06

JLQCD 05

I

FLAG 2010 (preliminary)

nuclear 3 decay

A
FA
HH
i@

Gamiz 08
Maltman 09

T decay+
Tande e
I

o
—o—

0.972

\Y

0.974 0.976 0.978

udI
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23. Concluding remarks

e T hese lectures focused on the low energy prop-
erties of the sector with zero baryon number:
N = 3(Nu+ Ng+ Ns + Ne + Ny + Ny) = 0.
Moreover, only states with N = N, = Ny = 0
were discussed.

e [ here is considerable progress in extending
xPT to the sector with Ng = 1, as well as
to nuclei, where Np =2,3...

Hint: ask Prof. Scherer for a course on these developments
e Effective theory for heavy quark bound states
e Mesons with a heavy and a light quark

e Extension from QCD to QCD + QED
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e Puzzle in K — muv

13 =
1.25 |~ =

12 —

fo(t) 115

1.05 |

1.0

physical region —>

— |
i | P I T S I S S T S T N

0 — 0.05 — 0.1 0.15 0.2 'f 1 0.25
2
t(GeV") M2 - M2

fo(t)
fo(0)

Plot shows normalized scalar form factor fo(t) =
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e History of the issue: data on the slope of the
scalar form factor

fo(®) = £0(0) {14 Aot + Xpt* + O(t%) ]

5 10 15 20 25 30 40 50 60
N L L D | | | |
Standard Model prediction of
HIH Bernard, Oertel, Passemar & Stern
—o— KLOE 2007 (K,)
o+ NA48 2007 (K )
[ PDG 2007 (K,)
(- PDG 2007 (K,)
|- Jamin, Oller & Pich 2004
o KTeV 2004 (K, )
|_.?|.ﬂ—t|2fitl ISTRA 2004 (K,,)
——e—— PDG 2004 (K))
f—— Gasser & L. 1985
: ® | Birulev 1981 (K))
| Py | Cho 1980 (K))
| ° | Hill 1979 (K))
| P | Clark 1977 (K))
I L | Buchanan 1975 (K )
———@—— Donaldson et al. 1974 (K))
PR I IR S B I I I I
5 10 15 20 25 30 40 50 60

A, in units of 10° M2
Tt
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e Extend xPT with dispersion theory
Example: form factors relevant for K — wfyv
fo(®) = fo(0) {1+ rgt 4+ Apt2+ ...}
xPT: Ao < NLO, Ay < NNLO

Dispersion theory implies very strong
correlation between \g and >\6

Abbas, Ananthanarayan, Caprini, Imsong 2010
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e Dispersive analysis of mw and wK scattering,
n — 3,

If time permits, I can explain how dispersion theory can be used to
extend the xPT result for the w7 scattering lengths to a
model-independent prediction for mass and width of the ¢ meson
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EXxercises

1. Evaluate the positive frequency part of the massless propagator

i 3k . -
A+ ’O — —ikz , ko = |k
for Imz% < 0. Show that the result can be represented as
1
A (z,0) =
(2,0) 4704 22

2. Evaluate the d-dimensional propagator

ddk e—ikz
(2m)A M2 — k2 — ie

Az, M) =

at the origin and verify the representation

A0, M) = ﬁr (1 _ g) (%2)

How does this expression behave when d — 4 7

-1

Nl
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3. Leading order effective Lagrangian:

F2
£ = - (D, UDFUY + xUT + Ux') + hgD,0D"6

D, U = 0,U —i(vy + a,)U +iU(v, — ay)
X = 2B (s+ip)

D0 = 9,0 + 2(a,)

(X) = trX

e Take the space-time independent part of the external field
s(x) to be isospin symmetric (i. e. set my = mg = m):

s(z) =m1l+4 5(x)
e Expand U = expi¢/F in powers of ¢ = cE-F and check that,

in this normalization of the field ¢, the kinetic part takes the

standard form
£? = 19,6 0"¢ — IM3¢* + ...

with M?2 = 2mB.

e Draw the graphs for all of the interaction vertices containing
up to four of the fields ¢,v,, ay, s, p, 0.
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4. Show that the classical field theory belonging to the QCD La-
grangian in the presence of external fields is invariant under

v, +a, = VR(v, + aM)Vé — i@MVRVé
v, —a, = V| (v, — aH)VIi — i@HVLVE
s +ip = VR(s+ ip)V[

IR — VR QR(fB)

Q@ =VLa

where VR, V| are space-time dependent elements of U(3).

5. Evaluate the pion mass to NLO of XPT . Draw the relevant
graphs and verify the representation
203M* M? 1

MZ = M?+=———+ = ~A(0,M?) + O(M°)

6. Start from the symmetry property of the effective action,
Sqcpiv.d, s, v, 0} = Sqcpiv, a.s.p, 0} — [ dz(BQ),
and show that this relation in particular implies the Ward identity

0;,(0] T AL (z) Py(y) |0) = —5i6(z — y){(0]g{Aa, \s}¢0)

+ (0| Tq(x) ivs{m, 3 a}q(z) P,(y) |O)
a=1,...,8, b=0,...,8

7. What is the Ward identity obeyed by the singlet axial current,
20| TA%(z) Py(y) |0) = 7
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